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Abstract: To improve the limited flexibility in tooth-surface geometry control of circular-arc-tooth-trace 

cylindrical gears, a circular-arc-profile and circular-arc-tooth-trace cylindrical gear (C2CATT) generated by a 

pair of complementary, locally conjugate circular-arc cutters is proposed. Based on the machining principle of a 

dual-edge rotary cutter head, the cutter swept-surface equations, cutter-workpiece meshing equation, and 

parametric tooth-surface models are established. The effects of the main parameters on the middle-section tooth 

profile and tooth-trace geometric offset are then investigated. The results show that the tooth-trace geometric 

offset is symmetric about the mid-facewidth section, and its amplitude gradually decreases from the middle 

toward both ends. When the number of teeth increases from 31 to 67, the maximum offset amplitude decreases 

by 52.7%; when the module increases from 2 mm to 5 mm, it increases by 20.0%. Increasing the cutter-head 

radius effectively reduces the maximum offset amplitude. The pressure angle mainly affects the addendum, 

dedendum, and working tooth profile, whereas the cutter profile arc radius and root fillet coefficient primarily 

affect the local transition regions. The proposed model and the obtained parameter relationships provide a 

theoretical basis for tooth-surface design and cutter parameter selection of C2CATT gears.

Keywords: circular-arc profile; circular-arc-tooth-trace cylindrical gear; complementary circular-arc cutter; 

rotary cutter head; tooth-surface modeling; geometric characteristics

1. Introduction

Gear transmissions are developing toward higher power density, higher precision, lower vibration and noise, 

and greater reliability. Complex operating conditions demand not only favorable load-carrying and meshing 

performance, but also tooth-surface geometries that are designable, manufacturable, and tolerant of errors. By 

introducing tooth-trace curvature along the facewidth, circular-arc-tooth-trace cylindrical gears provide an 

additional geometric degree of freedom for controlling the contact region, load distribution, and meshing 

behavior. Wu et al. investigated the contact characteristics of circular-arc curvilinear-tooth gear drives and 

clarified the relationship between tooth-surface geometry and the contact pattern [1]. Peng et al. proposed an arc-

tooth-trace cycloid cylindrical gear, thereby extending the range of available tooth-surface configurations [2]. 

Zhang et al. demonstrated the design and manufacturing feasibility of circular-arc-tooth-trace cylindrical gears 

through analyses of machining, meshing, and contact [3]. For engineering implementation, Liang et al. 

developed a dedicated machine tool for VH-CATT cylindrical gears and experimentally examined the effects of 
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cutter-head speed, feed rate, and other process parameters on tooth-surface machining errors. They subsequently 

established mappings from geometric error sources in the machine tool to tooth-surface deviations, 

demonstrating that machine-tool motion accuracy and cutter pose errors directly affect the final tooth-surface 

geometry [4 – 6]. These studies indicate that circular-arc-tooth-trace gears offer substantial potential for 

geometric development and engineering application. An accurate description of the relationships among cutter 

geometry, generating motion, and tooth-surface shape is therefore fundamental to their precision design and 

manufacture.

Systematic studies have been conducted on the tooth-surface modeling and geometric configurations of 

circular-arc-tooth-trace cylindrical gears. From a manufacturing perspective, Wang et al. developed a 

mathematical model of an arc-tooth cylindrical gear and analyzed its strength [7]. Based on the forming 

principle of a rotary cutter head, Zhao et al. derived the tooth-surface equations and constructed a digital model; 

they subsequently developed a complete tooth-surface model comprising the working surface, root transition 

surface, and root cylinder, and analyzed the corresponding cutting conditions [8,9]. These studies represent three 

successive stages: manufacturing-oriented modeling, rotary-cutter forming models, and complete tooth-surface 

models. Chen et al. constructed tooth surfaces using conjugate-curve theory, providing a theoretical basis for the 

geometric design of complex conjugate surfaces [10]. Regarding specific tooth-surface configurations, Luo et al. 

analyzed the geometric characteristics of variable-hyperbolic circular-arc-tooth-trace cylindrical gears [11], Ma 

et al. reconstructed circular-arc-tooth-trace gear surfaces and analyzed their profile geometry [12], and Jiang et 

al. modeled a circular-arc-profile and circular-arc-tooth-trace cylindrical gear and conducted a preliminary load-

carrying capacity analysis [13]. Collectively, these studies established a foundation extending from tooth-surface 

generation theory and digital modeling to geometric characterization.

As tooth-surface models matured, research shifted toward machining errors, tooth contact, and load-carrying 

performance. Wu et al. established a theoretical relationship between machine-tool errors and tooth-surface 

deviations in circular-arc-tooth-trace cylindrical gears, and evaluated the effects of individual error components 

[14]. Wei et al. investigated the geometric contact characteristics and parameter sensitivities of VH-CATT gears 

while accounting for machining errors, and subsequently examined the effects of different machine-tool errors 

on tooth contact [15,16]. Ma et al. studied the contact performance of VH-CATT gears under installation errors 

[17]. Regarding contact and load-carrying behavior, Guo et al. obtained an analytical solution for the contact 

characteristics of VH-CATT gears [18]. Ma et al. studied the loaded tooth-surface contact area of circular-arc-

tooth-trace cylindrical gears [19] and further performed modification design and loaded tooth contact analysis 

[20]. Recent work has extended to contact-stress reliability [21], nonlinear dynamics of modified gears [22], and 

meshing characteristics under cutter errors [23]. Thus, research on circular-arc-tooth-trace gears is progressing 

from ideal geometric modeling toward coupled analyses of errors, loads, and dynamic behavior.

Despite these advances in tooth-surface modeling, machining-error analysis, and contact performance, 

several limitations remain. First, most existing models address involute, cycloidal, or other circular-arc-tooth-

trace gears generated by specific cutters; a unified mathematical description from the generating cutter to the 

complete spatial surface of a gear combining a circular-arc profile with a circular-arc tooth trace remains 

insufficient. Second, existing studies generally focus on a single aspect, such as tooth contact, machining error, 

or load-carrying capacity. Systematic quantitative analyses of how the profile arc radius, tooth-trace curvature, 

and related structural parameters jointly affect tooth thickness, tooth height, tip width, and overall tooth-surface 

geometry are scarce. Finally, although preliminary modeling and load-carrying analyses have been reported for 

circular-arc-profile and circular-arc-tooth-trace gears, the generating-cutter geometry, spatial generation 

mechanism, and effects of key parameters on tooth shape require further investigation. A complete mathematical 

model is therefore needed to reveal the relationships between the principal design parameters and geometric 

characteristics of this gear type.

To address these issues, this study develops a mathematical modeling method for a circular-arc-profile and 

circular-arc-tooth-trace cylindrical gear. A generating cutter is first designed according to the target gear 

geometry, and its cutting-edge equations are established. The mathematical models of the working tooth surfaces 

and associated boundary curves are then derived from the relative motion and meshing constraints between the 
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cutter and workpiece, enabling the three-dimensional tooth surfaces to be constructed. Finally, the effects of the 

principal cutter and gear parameters on the tooth-profile shape and key geometric dimensions are analyzed. The 

results provide a theoretical basis for parameter design, manufacturing implementation, and subsequent meshing-

performance analysis.

2. Machining Principle of the C2CATT Gear

2.1. Dual-Edge Rotary Cutter-Head Machining Principle

The C2CATT gear is generated using a dual-edge rotary cutter head. The machining principle and 

coordinate systems are shown in Figure 1. During machining, the inner and outer cutting edges rotate with the 

cutter head about its axis and form the corresponding swept cutting surfaces. The gear blank rotates about its 

own axis while feeding in the prescribed direction. The coordinated rotation of the cutter head, rotation of the 

blank, and feed motion establishes a deterministic spatial generating relationship between the cutter swept 

surface and the blank, thereby generating the concave and convex flanks of the C2CATT gear.

To describe the spatial generating relationship, three coordinate systems are established: the fixed cutter 

coordinate system St(Ot-xtytzt), with basis vectors it, jt, and kt; the fixed workpiece coordinate system Sw 

(Ow-xwywzw), with basis vectors iw, jw, and kw; and the moving workpiece coordinate system Sg (Og-xgygzg), with 

basis vectors ig, jg, and kg. The pitch radius of the gear blank is Rg, the blank rotation angle is φ, the nominal 

cutter-head radius is Rt, the cutter-head rotation angle is θ, and the facewidth is B. The positive coordinate-axis 

and rotation directions and the initial cutter-workpiece positions are defined as shown in Figure 1.

During machining, the rotary cutter head is mounted on the machine-tool spindle and rotates about its axis at 

the angular velocity ωt as the primary cutting motion. The inner and outer edges mounted on the cutter head 

rotate synchronously and form the inner and outer swept cutting surfaces, respectively, which generate the two 

flanks of a tooth space. Simultaneously, the gear blank rotates about its axis at the angular velocity ωg and 

translates in the direction shown in Figure 1 at the feed velocity vg. These motions define the cutter-workpiece 

relative motion, through which the cutting edges form the circular-arc tooth trace and envelope the 

corresponding tooth surfaces.

After one tooth space has been machined, the cutter is withdrawn and the blank is indexed about its axis through 

one angular pitch. The machining cycle is then repeated until all tooth spaces have been completed. Geometrically 

 

Ot

Ot

Rg
Ow

zw

g



Inside edge

Outside edge

t

Rt

xt

zt

zw

yw

xw

xt

yt

Og

zg

yg

xg



Rt+Rg

yt

vg

B

Figure 1.　Machining Principle and Coordinate Systems of the C2CATT Gear.
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matched convex and concave circular-arc cutters are used to machine the driving and driven gears, respectively.

2.2. Complementary Locally Conjugate Circular-Arc Cutters

To generate the tooth surfaces of the driving and driven C2CATT gears, a geometrically matched pair of convex 

and concave circular-arc cutters is designed, as shown in Figure 2. The working edge of the convex cutter has an 

outwardly convex circular-arc profile, whereas that of the concave cutter has an inwardly concave profile. The two 

cutters satisfy a local conjugacy condition at the prescribed design contact position while retaining a curvature 

difference in the adjacent region. Consequently, the generated mating tooth surfaces satisfy the conjugacy condition 

only near the design position, providing a geometric basis for a localized-contact gear pair.

In Figure 2, α is the cutter pressure angle, m is the module of the gear to be machined, u is the angular 

parameter of a point on the cutting edge, and umin and umax are its lower and upper bounds, respectively. The 

parametric equations of the convex and concave circular-arc cutting edges are obtained from the geometry 

shown in Figure 2.

For the convex cutter,

umin = sin-1 ( Rc sin α - ha

Rc )umax = sin-1 ( Rc sin α + hf

Rc ) (1)

For the concave cutter,

umin = sin-1 ( Rc sin α - hf

Rc )umax = sin-1 ( Rc sin α + ha

Rc ) (2)

Equations (1) and (2) describe the circular-arc cutting edges of the convex and concave cutters in the axial 

section. The two cutters have the same module and nominal pressure angle. Their arc-center positions and radii 

are matched to provide a common normal direction at the design position. The convex and concave cutters have 

opposite curvature directions and a prescribed difference between their radii; this difference is transferred to the 

generated mating tooth surfaces and influences their local contact geometry.

3. Mathematical Model of the C2CATT Tooth Surfaces

3.1. Cutter Swept Surfaces

The C2CATT tooth-surface model is developed in three steps: construction of the cutter swept surfaces, 

solution of the cutter-workpiece meshing condition, and coordinate transformation. First, the swept surfaces are 

obtained by combining the convex and concave circular-arc cutting-edge equations with cutter-head rotation. 

Second, the meshing equation between each cutter swept surface and the gear blank is established from spatial 

meshing theory to determine the instantaneous contact line. Finally, the contact line is transformed from the 

cutter coordinate system to the coordinate system attached to the rotating blank, yielding the tooth-surface 

equations of the driving and driven gears. For an arbitrary point on the convex cutter, the swept surface 

expressed in St is
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where the upper and lower signs represent the outer and inner cutting edges, respectively. Rc is the cutter profile 

arc radius. A positive coordinate is measured along the positive axis direction and a negative coordinate in the 

opposite direction. Correspondingly, an arbitrary point on the concave cutter swept surface is
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(4)

The vector forms of the convex and concave cutter swept surfaces in St are, respectively,

r (t)
vex = (-Rt 

π
4

m ± Rc cos α  Rc cos u)cos θi t - (Rc sin α - Rc sin u)k t +

(-Rt 
π
4

m ± Rc cos α  Rc cos u)sin θj t (5)

r (t)
cave = (Rt ±

π
4

m ± Rc cos α  Rc cos u)cos θi t + (Rc sin α - Rc sin u)k t +

(Rt ±
π
4

m ± Rc cos α  Rc cos u)sin θj t (6)

Taking the concave cutter as an example,
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The unit normal vector of the concave cutter swept surface, expressed in St, is obtained from

n( )t
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¶rcove
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´
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= δRc (cos u cos θi t + sin θ cos θj t ± sin uk t ) (8)

Therefore, the unit normal vector is

et = cos u cos θi t + sin θ cos θj t ± sin uk t (9)

3.2. Cutter-Workpiece Meshing Equation and Tooth-Surface Generation

Let M be an instantaneous contact point between the cutter swept surface and the gear blank. The velocities 

of the cutter and blank at M, expressed in the fixed coordinate system St, are vt and vg, respectively. The cutter 

velocity relative to the blank is vtg. According to spatial envelope theory, its component along the cutter-surface 

normal must vanish at an instantaneous contact point; hence,

ϕ = n t × v tg = n t × v t - n t × vg = 0 (10)

In St, the position vectors from Ot and Og to M and that from Ot to Og are, respectively,

O t M = r t Og M = rg OgO t = ε (11)

rg = ε + r t (12)

ε = (Rgψ + Rt )i t - Rg k t (13)

The cutter velocity at M is induced by the rotation of the cutter head about its axis and is expressed as

rg =[-(Rt ±
π
4

m ± Rc cos α  Rc cos u)cos θ + Rgψ + Rt ]i t -

(Rt ±
π
4

m ± Rc cos α  Rc cos u)sin θj t + (Rc sin α - Rc sin u - Rg )k t (14)
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The blank velocity at M comprises the rotation of the blank about its axis and the translational feed motion 

and is expressed as

n t × v t = 0 (15)

Therefore, the velocity of the cutter relative to the blank is

ϕ = n t × vg = e t × vg = 0 (16)

According to the axis directions shown in Figure 1, the relationship between the blank axis and the 

corresponding axis of St is

vg =wg kg ´ rg -wg Rg i t =wg (kg ´ rg - Rg i t ) (17)

e t × vg = (cos u cos θi t + sin θ cos θj t ± sin uk t )×

{wg [(Rt ±
π
4

m ± Rc cos α  Rc cos u)cos θ - Rgψ - Rt ]k t -

wg (Rc sin α - Rc sin u - Rg )i t -wg Rg i t }

=-wg [Rc cos θ sin (u - α)+ sin u cos θ(Rt ±
π
4

m) sin u(Rgψ + Rt )] (18)

Substitution of Equations (14)–(18) into the meshing condition in Equation (10) yields the meshing equation 

for the tooth surface generated by the convex or concave cutter:

Rc cos θ sin (u - α)+ sin u cos θ(Rt ±
π
4

m) sin u(Rgψ + Rt )= 0 (19)

For a prescribed blank rotation angle φ, the common solution of the cutter swept-surface equation and the 

meshing equation defines the instantaneous cutter-workpiece contact line. As φ varies continuously, the 

instantaneous contact lines expressed in the moving blank coordinate system Sg envelope the theoretical tooth 

surface. The contact points must therefore be transformed from St to Sg. The homogeneous transformation matrix 

from St to the fixed workpiece coordinate system Sw is

Mwt =

é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

ú1 0 0 Rt

0 0 1 -Rg

0 -1 0 0
0 0 0 1

(20)

The homogeneous transformation matrix from Sw to the moving workpiece coordinate system Sg is
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Accordingly, the cutter swept surface expressed in Sg is

r ( )t
g (φθu) =Mgw Mwtr

(t)
t (22)

Combining the convex and concave cutter swept-surface equations, the cutter-workpiece meshing equations, 

and the coordinate transformations gives the theoretical tooth surfaces of the driven and driving gears. Let rg2 

and rg1 denote the position vectors of the driven- and driving-gear tooth surfaces, respectively. Then,
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Equations (23) and (24) are parametric surface equations subject to the corresponding meshing constraints. 

The parameter u locates a contact point on a circular-arc cutting edge, φ describes the workpiece position during 

generation, and the cutter-head angle θ is determined from the meshing equation. Discrete points on the driving- 

and driven-gear tooth surfaces can thus be obtained by prescribing the parameter ranges and solving the 

corresponding meshing equations.

4. Effects of Geometric Parameters on Tooth-Surface Characteristics

4.1. Parameters and Evaluation Indices

Based on the tooth-surface model, a one-factor-at-a-time parametric analysis is performed to determine the 

effects of the number of teeth z, module m, pressure angle α, cutter profile arc radius Rc, root fillet coefficient rfc, 

and rotary cutter-head radius Rt on the geometric characteristics of the C2CATT tooth surface. The middle-

section tooth profile and tooth-trace geometric offset ΔX are selected as evaluation indices. The parameter 

ranges are listed in Table 1.

4.2. Effect of the Number of Teeth

Figure 3 shows the middle-section tooth profiles and tooth-trace geometric offsets obtained for different 

numbers of teeth while the other parameters are held at their reference values. As shown in Figure 3a, increasing 

the number of teeth from 31 to 67 changes the radial position and overall dimensions of the middle-section 

profile. After the profiles are aligned using the pitch-circle position as a common reference, their principal 

working portions nearly coincide. Thus, within the investigated range, the number of teeth has only a minor 

effect on the basic shape of the middle-section profile.

As shown in Figure 3b, the tooth-trace geometric-offset curves are symmetric about the mid-facewidth 

section. Their amplitudes are largest near the middle and gradually decrease toward both ends. The maximum 

offset amplitude decreases monotonically with increasing tooth number: ΔX is approximately 0.0275 mm at z = 

31 and 0.0130 mm at z = 67, corresponding to a reduction of approximately 52.7%. The rate of decrease 

gradually diminishes as the number of teeth increases.

With the module, facewidth, and cutter-head radius fixed, increasing the tooth number enlarges the pitch 

radius of the blank and changes the relative curvature between the cutter swept surface and the blank. The 

spatial deflection over a fixed facewidth consequently decreases relative to the blank size, reducing the 

maximum tooth-trace offset amplitude. The number of teeth therefore primarily affects the spatial tooth-trace 

geometry and has a limited effect on the normalized middle-section tooth-profile shape.

Table 1.　Parameter Ranges of the C2CATT Gear.

Parameter

Number of teeth

Module

Pressure angle

Range

31–67

2–5 mm

18°–22°

Parameter

Cutter profile arc radius

Root fillet coefficient

Rotary cutter-head radius

Range

300–600 mm

0.1–0.4

150–450 mm
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4.3. Effect of the Module

Figure 4 shows the middle-section tooth profiles and tooth-trace geometric offsets obtained for different 

modules while the other parameters are held at their reference values. As shown in Figure 4a, increasing the 

module from 2 to 5 mm increases the radial dimensions and tooth thickness, and shifts the overall profile 

radially outward. After alignment at the pitch-circle position, the profiles show similar trends over the principal 

working region, whereas the addendum and dedendum positions change more noticeably. Thus, within the 

investigated range, the module primarily controls tooth size and has a relatively small effect on the normalized 

shape of the working profile.

As shown in Figure 4b, the geometric-offset curves are symmetric about the mid-facewidth section, and 

their amplitudes gradually decrease from the middle toward both ends. The maximum amplitude increases with 

the module, from approximately 0.0150 mm at m = 2 mm to 0.0180 mm at m = 5 mm, corresponding to an 

increase of approximately 20.0%.

At a fixed number of teeth, increasing the module enlarges both the pitch radius and the characteristic tooth 

dimensions. Because the facewidth, cutter-head radius, and cutter profile arc radius remain fixed in this one-

factor analysis, changing the module also changes the relative scale between the blank and cutter geometries. 

This modifies the spatial envelope relationship and increases the maximum tooth-trace offset amplitude. The 

module therefore determines the basic tooth dimensions and also affects the spatial tooth-trace geometry.

4.4. Effect of the Pressure Angle

Figure 5 shows the middle-section tooth profiles and tooth-trace geometric offsets obtained for different 

pressure angles while the other parameters are held at their reference values. As shown in Figure 5a, the middle-

(a)　Middle-section tooth profile (b)　Tooth-trace geometric offset

Figure 3.　Effect of the Number of Teeth on the Geometric Characteristics of the C2CATT Tooth Surface.

(a)　Middle-section tooth profile (b)　Tooth-trace geometric offset

Figure 4.　Effect of the Module on the Geometric Characteristics of the C2CATT Tooth Surface.
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section profile changes noticeably as the pressure angle increases from 18° to 22° . When the pitch-circle 

position is used as a common reference, the differences are relatively small near the pitch circle and increase 

toward the addendum and dedendum. A larger pressure angle increases the inclination of the working profile 

relative to the radial direction, decreases the tip thickness, and increases the tooth thickness near the root. The 

influence of the pressure angle is therefore nonuniform along the tooth height and is concentrated near the 

addendum and dedendum.

The pressure angle directly determines the basic orientation of the circular-arc cutting edge in the cutter 

axial section. A change in pressure angle alters the normal direction of the working edge and is transferred to the 

generated tooth surface through the cutter-workpiece envelope relationship, thereby changing the tip thickness, 

root thickness, and working-profile shape.

As shown in Figure 5b, the tooth-trace geometric-offset curves for different pressure angles are symmetric 

about the mid-facewidth section and follow similar trends. The pressure angle can therefore be used to adjust the 

sectional profile and the addendum and dedendum thicknesses, but it is not an effective primary parameter for 

controlling the tooth-trace offset. An excessively large pressure angle may produce an excessively thin or 

pointed tooth tip, whereas an excessively small pressure angle may reduce root thickness and increase the risk of 

undercutting or insufficient bending strength. Its value should therefore be selected by considering the minimum 

tip thickness, undercutting condition, and root bending strength.

4.5. Effect of the Cutter Profile Arc Radius

Figure 6 shows the middle-section tooth profiles and tooth-trace geometric offsets obtained for different 

cutter profile arc radii while the other parameters are held at their reference values. As shown in Figure 6a, the 

principal portions of the profiles almost coincide when Rc varies from 300 to 600 mm, and the differences are 

concentrated near the addendum and dedendum. Increasing Rc reduces the curvature of the cutting-edge profile 

and, through the cutter-workpiece envelope relationship, changes the local curvature of the generated profile. 

Within the investigated range, Rc therefore mainly affects local profile geometry and has a relatively small effect 

on the overall position and principal shape of the profile.

As shown in Figure 6b, the tooth-trace geometric-offset curves obtained with different cutter profile arc 

radii are similar, and the maximum offset amplitude changes only slightly. This occurs because Rc mainly 

controls the cutting-edge curvature in the axial section, whereas the overall spatial geometry along the 

facewidth is governed primarily by the cutter-head radius, blank dimensions, and relative generating motion. 

Consequently, changing Rc does not markedly alter the overall distribution of tooth-trace geometric offset when 

the other parameters are fixed.

(a)　Middle-section tooth profile (b)　Tooth-trace geometric offset

Figure 5.　Effect of the Pressure Angle on the Geometric Characteristics of the C2CATT Tooth Surface.
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(a)　Middle-section tooth profile (b)　Tooth-trace geometric offset

Figure 6.　Effect of the Cutter Profile Arc Radius on the Geometric Characteristics of the C2CATT Tooth Surface.

4.6. Effect of the Root Fillet Coefficient

Figure 7 shows the middle-section tooth profiles and tooth-trace geometric offsets obtained for different root 

fillet coefficients while the other parameters are held at their reference values. As shown in Figure 7a, when rfc 

increases from 0.1 to 0.4, the profiles nearly coincide over the addendum and working-flank regions, whereas 

the differences are concentrated in the root transition. Increasing rfc increases the root fillet radius and produces 

a smoother transition from the working flank to the root circle. Thus, the root fillet coefficient mainly controls 

the local root geometry and has little influence on the principal working portion of the middle-section profile.

As shown in Figure 7b, the tooth-trace geometric-offset curves for different root fillet coefficients nearly coincide, 

and the maximum offset amplitude remains essentially unchanged. The root fillet coefficient modifies only the cutter-

tip fillet and the resulting root transition surface, without significantly changing the swept radius of the principal 

working edge or the overall cutter-workpiece kinematics. Therefore, within the investigated range, the root fillet 

coefficient has a limited effect on the overall tooth-trace geometry of the C2CATT tooth surface.

4.7. Effect of the Rotary Cutter-Head Radius

Figure 8 shows the middle-section tooth profiles and tooth-trace geometric offsets obtained for different 

rotary cutter-head radii while the other parameters are held at their reference values. As shown in Figure 8a, 

when Rt increases from 150 to 450 mm, the profiles nearly coincide over the addendum, working-flank, and root-

transition regions. Thus, within the investigated range, the cutter-head radius has little influence on the middle-

section tooth-profile shape.

As shown in Figure 8b, the tooth-trace geometric-offset curves remain symmetric about the mid-facewidth 

(a)　Middle-section tooth profile (b)　Tooth-trace geometric offset

Figure 7.　Effect of the Root Fillet Coefficient on the Geometric Characteristics of the C2CATT Tooth Surface.
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section, but their amplitudes differ markedly. The maximum offset amplitude decreases continuously with 

increasing Rt, indicating that the cutter-head radius is a principal parameter controlling the spatial tooth-trace 

geometry. A smaller cutter-head radius produces a more highly curved cutting-edge trajectory and larger 

positional differences among sections across the facewidth. As Rt increases, the trajectory becomes flatter and 

the geometric offset between the middle and both ends decreases.

(a)　Middle-section tooth profile (b)　Tooth-trace geometric offset

Figure 8.　Effect of the Rotary Cutter-Head Radius on the Geometric Characteristics of the C2CATT Tooth Surface.

The rotary cutter-head radius can therefore be used to adjust tooth-trace curvature and spatial offset. A smaller 

radius produces a more pronounced spatial curvature, whereas a larger radius produces a flatter tooth trace. However, 

selection of Rt is also constrained by machine-tool dimensions, cutter installation space, and available travel, and 

should balance the target tooth-trace geometry against manufacturing-equipment constraints.

4.8. Overall Comparison

To compare the effects of the investigated parameters on the spatial tooth-trace geometry, Figure 9 presents 

the variation in the maximum tooth-trace geometric-offset amplitude ΔX for each parameter.

As shown in Figure 9a, ΔX decreases monotonically with the number of teeth. Increasing the tooth number 

from 31 to 67 reduces ΔX from approximately 0.0275 to 0.0130 mm, a decrease of approximately 52.7%, and 

the rate of decrease gradually diminishes. As shown in Figure 9b, increasing the module from 2 to 5 mm 

increases ΔX from approximately 0.0150 to 0.0180 mm, corresponding to an increase of approximately 20.0%.

Figure 9c,d show that, within the investigated ranges, variations in the pressure angle and cutter profile arc 

radius cause only small changes in ΔX. The pressure angle mainly affects the addendum, dedendum, and 

working profile of the middle section, whereas the cutter profile arc radius primarily controls local profile 

curvature. Neither parameter is a primary control variable for the overall tooth-trace offset. Figure 9e shows that 

ΔX remains almost unchanged with the root fillet coefficient, confirming that this parameter mainly affects the 

local root transition.

As shown in Figure 9f, the cutter-head radius has a pronounced effect on ΔX. Increasing Rt from 150 to 450 

mm continuously reduces ΔX because the cutter-head radius directly controls the curvature of the cutting-edge 

trajectory. A larger radius produces a flatter trajectory over the facewidth and therefore reduces the positional 

difference between the middle and both ends.

Within the investigated parameter ranges, the number of teeth and cutter-head radius produce the most 

pronounced variations in the maximum tooth-trace offset amplitude, followed by the module; the effects of the 

pressure angle, cutter profile arc radius, and root fillet coefficient on this particular index are relatively weak. 

Nevertheless, the parameters affect different aspects of the tooth-surface geometry: the tooth number and cutter-

head radius mainly control the spatial tooth-trace geometry; the module affects both tooth size and tooth-trace 

offset; the pressure angle controls the middle-section profile and tooth-thickness distribution; the cutter profile 

arc radius affects local profile curvature; and the root fillet coefficient controls the root transition. Parameter 

importance should therefore be assessed against the target geometric characteristic rather than solely from ΔX.
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5. Conclusions

A circular-arc-profile and circular-arc-tooth-trace cylindrical gear is proposed, and its machining principle 

and tooth-surface mathematical model are established. The effects of the principal parameters on its geometric 

characteristics are analyzed. The main conclusions are as follows.

(1) A complementary pair of locally conjugate convex and concave circular-arc cutters is designed to 

generate the driving- and driven-gear tooth surfaces, respectively. By matching the local geometry of the mating 

tooth surfaces at the design position, the cutter configuration provides a geometric basis for a controllable 

localized-contact gear pair.

(2) Based on the dual-edge rotary cutter-head machining principle and spatial envelope theory, the swept-

surface equations of the convex and concave cutters, the cutter-workpiece meshing equations, and the coordinate 

transformations are established. Parametric equations for the driving- and driven-gear tooth surfaces are 

obtained, establishing a mathematical relationship between cutter parameters and the generated surfaces.

(3) The geometric offset of the C2CATT tooth surface is symmetric about the mid-facewidth section, and its 

(a)　Number of teeth

(c)　Pressure angle

(e)　Root fillet coefficient

(b)　Module

(d)　Cutter profile arc radius

(f)　Rotary cutter-head radius

Figure 9.　Effects of the Main Parameters on the Maximum Tooth-Trace Geometric-Offset Amplitude.

--12



Qi Z. et al. Innov. Appl. Eng. Technol. 2026, 5(1)

amplitude decreases from the middle toward both ends. Within the investigated ranges, the number of teeth and 

cutter-head radius have pronounced effects on the maximum offset amplitude, followed by the module. 

Increasing the tooth number from 31 to 67 reduces the maximum amplitude from approximately 0.0275 to 

0.0130 mm, a decrease of 52.7%; increasing the module from 2 to 5 mm increases it from approximately 0.0150 

to 0.0180 mm, an increase of 20.0%. Increasing the cutter-head radius reduces the tooth-trace geometric-offset 

amplitude.

(4) The parameters affect different geometric characteristics. The pressure angle primarily affects the middle-

section profile and the addendum and dedendum thicknesses; the cutter profile arc radius mainly affects local 

profile curvature; and the root fillet coefficient controls the root transition. The latter two parameters have 

relatively small effects on the overall tooth-trace offset. These relationships provide guidance for tooth-surface 

design and cutter parameter selection for C2CATT gears.
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