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Abstract: Machine learning-based reliability analysis methods have shown great advancements for their 

computational efficiency and accuracy. Recently, many efficient learning strategies have been proposed to 

enhance the computational performance. However, few of them explores the theoretical optimal learning 

strategy. In this article, we propose several theorems that facilitates such exploration. Specifically, cases that 

considering and neglecting the correlations among the candidate design samples are well elaborated. Moreover, 

we prove that the well-known U learning function can be reformulated to the optimal learning function for the 

case neglecting the Kriging correlation. In addition, the theoretical optimal learning strategy for sequential 

multiple training samples enrichment is also mathematically explored through the Bayesian estimate with the 

corresponding lost functions. Simulation results show that the optimal learning strategy considering the Kriging 

correlation works better than that neglecting the Kriging correlation and other state-of-the art learning functions 

from the literatures in terms of the reduction of number of evaluations of performance function. However, the 

implementation needs to investigate very large computational resource.

Keywords: reliability analysis; risk analysis; surrogate models; kriging; gaussian process regression; active 

learning

1. Introduction

Probabilities of occurrence of risky events are critically decisive for engineers and researchers to quantify 

the risk of planed operations and conductions. These probabilities are typically characterized by conducting 

reliability analysis, of which the target is to estimate the probability of failure, denoted as Pf. In reliability 

analysis, Pf can be calculated as:

Pf = ∫
g ( )x £ 0

ρ ( x ) dx = ∫
Ω

Ig( x ) ρ ( x ) dx                                   (1)
where x is the vector of random variables, g ( x ) is the so-called performance or limit state function, ρ ( x ) is the 

joint probability density function (PDF) of x and Ig( x ) is a failure indicator function. Note that Ig( x ) = 1 when 

g ( x ) £ 0, and Ig( x ) = 0 when g ( x ) > 0. Modern reliability analysis methodologies aim to estimate Pf with as 

less as prossible number of evluations to the computationally demanding numerical models. Those well-
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developed techniques primarily include simulation-based sampling techniques (e. g., the crude Monte-Carlo 

simulation (MCS) [1,2], importance sampling (IS) [3], and subset simulation (SS) [4]) and approximation-based 

approaches (e.g. first- or second-order reliability analysis methods) [5,6]), which estimate Pf by searching for 

the most probable point in the probabilistic space. Despite the first group can produce desirable estimate of Pf, it 

is computationally expensive. On the contrary, approximation-based methods are often computationally fast, 

they lack the accuracy for problems with non-linear responses near the limit state. To address aforementioned 

limitations, surrogate model-based reliability analysis has emerged and shown advancement. Those surrogate 

models are mainly response surfaces [7,8], artificial neutral networks [9–11], support vector machines [12,13], 

polynomial chaos expansions [14,15] and the Gaussian Process Regression or Kriging model [16,17]. Among 

these techniques, the Kriging model has been developing extremely fast out of its inherent advantages [18–21].

The Kriging model or Gaussian process regression is a Bayesian regression model that combines 

interpolation and regression. Different from other deterministic regression model, outputs from the Kriging 

follow Gaussian distribution with corresponding mean and variance. Wang et al [22] derives the formulations 

for Kriging model with correlated responses. This stochastic property of Kriging model has been taken 

advantage to construct the active learning-based reliability analysis methods, where the training sample set is 

adaptively enriched to construct a well-trained surrogate model. The well-trained surrogate model can 

subsequently substitute the sophisticated model for the process of Monte Carlo simulations. Two representative 

active learning-based reliability analysis methods have been widely accepted: Efficient Global Reliability 

Analysis (EGRA) proposed by Bichon et al. [17] and Adaptive Kriging-based Monte Carlo simulation (AK-

MCS) proposed by Echard et al. [16]. Different from EGRA, candidate design samples in AK-MCS is 

adaptively increased to ensure that the coefficient of variation of the failure probability is smaller than a 

prescribed threshold.

It is known that the learning strategy for properly selecting training points plays a decisive role in Kriging-

based reliability analysis methods. Aside from EFF and U learning functions, a lot of creative developments and 

variations for these two methods have also been proposed by researchers recently to enhance the methodologies. 

For the variations of learning functions, H learning function takes the advantage of proposed by Lv et al. [23], 

least improvement function (LIF) proposed by Sun et al. [24] and ψd  and ψσ proposed by Xiao et al. [25] have 

shown great advantages in selecting next best training point. For details, H learning function aims to seek the 

training point in the vicinity of the limit state, which follows the same principle as EFF but in a way of 

information entropy theory. Moreover, LIF takes advantage of probability density of each point to highlight the 

training points with large probability densities. They pick the best training point that deviates from the existing 

training points to avoid the ill-conditioning problem, and is close to the limit state with high variance. Moreover, 

Zhang et al., [26] also propose the folded-normal distribution-based learning function called REIF and REIF2 

(expected improvement function) to account for the modulating effect of the joint probability density function of 

input random variables on the scattering geometry of candidate samples. Follow this work, Shi et al., [27] 

propose a novel learning function called Folded Normal based Expected Improvement Function (FNEIF) to 

precisely estimate the failure probability, which lies in an improvement function facilitating the prediction of 

surrogate model with folded normal variable, To flexibly enable enrichment of multiple training samples, 

parallel learning strategies such as k-means clustering-based approach proposed by Lelièvre et al. [28] and 

pseudo model-based method by Wen et al. [29] have been proposed. Considering many efficient learning 

strategies have been proposed by many researchers, it is worthy of the investigation of their computational 

efficiency for comparison. Despite the ground true for the definition of optimal learning strategy may not be 

available due various reasons, it is feasible to define the optimal learning strategy based on reasonable criteria.

In this paper, we explore the definition of optimal learning strategy. The goal is achieved by quantifying the 

variance of the estimated failure probability. Therefore, the optimal learning function is defined as the learning 

strategy that maximizes the variance reduction of failure probability after the selected training samples are 

enriched in current iterations. Concerning this, two optimal learning strategies with different level of time-

complexities are proposed in this paper. Specifically, cases that considers and neglects the correlations among 

the candidate design samples are well elaborated. Moreover, we prove that the well-known U learning function 
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can be reformulated to the general form of optimal learning function for the case neglecting the Kriging 

correlation. Moreover, we derive the mathematical expressions of Kriging correlation between two outputs, 

which facilitates the derivation of the optimal learning function. In addition, the theoretical optimal learning 

strategy for sequential multiple training samples enrichment is also mathematically explored through the 

Bayesian estimate with the corresponding lost functions. Simulation results show that the optimal learning 

strategy considering the Kriging correlation works better than that neglecting the Kriging correlation and other 

state-of-the art learning functions from the literatures in terms of the reduction of number of evaluations of 

performance function. However, the implementation of optimal learning strategy considering Kriging needs to 

investigate very large computational resource. Results showcase that the total number of evaluations to the 

performance function through enhanced parallel learning strategy can be even close to the conventional 

approaches through single training point enriching, while the total number of iterations via the former approach 

is significantly smaller than the later ones.

This article is organized as follows. Section 2 briefly introduces the elements for Kriging model and 

probabilistic classification-based Monte Carlo simulation. In Section 3, theorems regarding the optimal learning 

strategy without considering Kriging correlation are well elaborated. Section 4 derives the equations of Kriging 

correlation coefficient, which facilitates the optimal learning strategy considering the Kriging correlation. 

Moreover, section 5 proposes the theorem to derive the optimal parallel learning strategy with corresponding 

defined lost function. In section 6, two examples are investigated to demonstrate the proposed theorems. Section 

7 discusses the algorithmic time-complexity of these propositions. This paper closes with conclusive remarks in 

section 8.

2. Adaptive Kriging-based Reliability Analysis

In Kriging surrogate model-based reliability analysis, the performance or limit state function, g(x) is usually 

substituted by adaptively training a Kriging surrogate model ĝ ( x )  [30,31]. In this section, Kriging model with 

uncorrelated and correlated responses are briefly introduced [16, 22]. Generally, Kriging model ĝ ( x )  can be 

represented as:

ĝ ( x ) = F ( xβ ) +  Z ( x ) = f T( x ) β + Z ( x )                                    (2)
where F ( xβ ) is the regression base representing the Kriging trend, which can be a constant or a polynomial. 

f ( x ) is the Kriging basis and β is the regression coefficients. f T( x ) β  usually have ordinary (β0), linear (β0+∑n = 1

N βn xn) or quadratic (β0+∑n = 1

N βn xn+∑n = 1

N ∑k = n

N βnk xn xk) forms, whereas n is the dimension of the random 

input vector, x. Note that ordinary Kriging is used entirely in this paper. Z ( x ) is the Kriging interpolation 

following a stationary normal Gaussian process with zero mean and a covariance matrix between two points, xi 

and xj, as defined below.

COV (Z ( x i) Z ( x j ) ) =  σ 2 R ( xi xj ; θ )                                    (3)
where σ 2 is the process variance or the generalized mean square error from the regression part and R ( x i x j ; θ ) is 

the correlation function or the kernel function representing the correlation function of the process with hyper-

parameter θ. Multiple types of correlation functions are available in in Kriging model including linear, 

exponential, Gaussian, Matérn models and so on [31]. In this paper, the Gaussian kernel function is 

implemented:

R ( x i x j ; θ ) =∏
n = 1

N

exp ( )-θn( )xn
i - xn

j

2

                                   (4)
where N is the dimension of the random input vector, x i or x j. The hyper-parameter θ can be estimated via 

maximum likelihood estimation (MLE) or cross-validation [31]. It has been shown that the Kriging prediction is 

very sensitive to the value of θ [22,29,32]. In this article, the well-known DACE toolbox is implemented [33–

36], where θ i is searched in (010). MLE is aimed to search for:

θ* =  argmin
θÎR

 (|| R ( x i x j ; θ ) ||
1
m

 σ 2 )                                    (5)
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where m is the number of known training points or design-of-experiment (DoE) points. Thus, for a number of 

DoE points, SDoE =[x1 x2 xm ], and the corresponding responses from performance function Y =

[G(x1 )G(x2 )G(xm )], the traditional BLUP estimation of the Kriging prediction is as follows:

μ ĝ( x ) = f T( x ) β + r ( x ) T
γ                                                          (6)

Where

 β =  (F T R-1 F ) -1
F T R-1Y

γ =  R-1(Y -Fβ ) 
r ( x ) = [ R ( x1 x ; θ ) .R ( xm x ; θ ) ] T

1 ´m

F =  [ f ( x1 ) f ( x2 ) f ( xm ) ] T

.                      (7)
Then, the mean-square error (MSE) of ĝ ( x ) can be calculated by:

σ 2
ĝ ( x ) = σ 2(1 + uT( x ) (F T R-1 F ) -1

u ( x ) - rT (x)R-1r(x))                       (8)
where the Gaussian process variance and u ( x ) are:

σ 2 =  
1
m (Y -Fβ ) T

R-1(Y -Fβ ) 
u ( x ) =  F T R-1r ( x ) - f ( x ) .                      (9)

According to the Kriging model with uncorrelated responses, for all unknown points, SU =[x u
1 x

u
2 x u

Nu
], 

the outputs YU =[G(x u
1 )G(x u

2 )G(x u
Nu

)] from the Kriging are all mutually uncorrelated with the Kriging 

mean, μ ĝ( x u
p ), and the Kriging variance σ 2

ĝ ( x u
p ):

YU( x u
p )  ~ N ( μ ĝ( x u

p )  σ 2
ĝ ( x u

p ) )    x u
p Î SU.                      (10)

However, Kriging model with correlated responses can be represented as [22]:

YU ~ N ( μU ΣU )                       (11)
where the Kriging mean can be expressed in a matrix form:

μU =FU β + r T
U R-1(Y -Fβ )                       (12)

and the corresponding covariance matrix can be read as:

Σ = σ 2(RU + uT
U(F T R-1 F ) -1

uU - r T
U R-1rU )                       (13)

Where

RU = (R ( x u
p x

u
q ; θ ) ) T

Nu ´Nu

 x u
p x

u
q Î SU 

rU = (R ( x l x
u
p ; θ ) ) T

Nu ´m
 x l Î SDoE 

uU =  F T R-1rU -F T
U 

FU( x ) =  éë f ( x u
1 ) f ( x u

2 ) f ( x u
Nu )ùû

T

.                      (14)
Different from the Kriging model with uncorrelated responses, Kriging model with correlated responses 

follow the assumption in building the Kriging model that all the known and untried responses follow mutually 

correlated normal distribution. It is shown that Kriging model with correlated responses works better than that 

with uncorrelated responses in terms of estimating the confidence interval of failure probability [37,38].

2.2. Adaptive Kriging-based Reliability Methods

Generally, probability of failure, denoted as Pf, can be expressed as,

Pf = ∫
Ωg ( )x £ 0

f ( )x dx = ∫
Ω

Ig( x ) f ( x ) dx                      (15)
where f ( x ) is the PDF of the random variables, x, and Ω is the entire probabilistic domain. Ωg £ 0 is the 

integration domain where the performance function, g ( x ) £ 0, and Ig is the indicator function, with Ig=1, when 

g ( x ) £ 0 and Ig=0 when g ( x ) > 0. Because the true failure probability, Pf, is unavailable, an estimation based 

on probabilistic simulation techniques is preferred. Crude MCS with sufficiently large number of samples is 
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often considered as a benchmark. In the Kriging model with MCS, there are two indicator functions: 

deterministic classification [16,39] and the probabilistic classification [22,40]. For deterministic classification, 

the crude MCS can be represented as:

P̂ dc
f =

1
NMCS
∑
i = 1

NMCS

Ig( )x i                                                          (16)
where P̂ dc

f  denotes estimated failure probability with deterministic classification on the Kriging model. NMCS is 

the number of sampling realizations, x i  from the probabilistic distribution of random variables and Ig(·) is the 

corresponding indicator for deterministic classifications. The probabilistic classification-based failure 

probability can be estimated as:

P̂ pc
f =

1
NMCS
∑
i = 1

NMCS

Iĝ( )x i =
1

NMCS
∑
i = 1

NMCS

Φ ( )-μ ĝ( )x i

σ ĝ (x i )
                      (17)

where P̂ pc
f  is the estimated failure probability based on Kriging model and probabilistic classification for 

MCS. Φ(·) is the cumulative distribution function (CDF) of the standard normal distribution and μ ĝ( x i) and 

σ ĝ (x i ) are the mean and standard deviation, respectively, of Kriging predictors. The probabilistic classification 

estimates the failure probability considering uncertainties associated with Kriging-based classification. In this 

paper, the probabilistic classification-based MCS is implemented since it is accurate [22] and also can provide 

the confidence interval for estimated failure probability according to [37]. Steps for adaptive Kriging-based 

reliability analysis can be briefly summarized in Algorithm. 1. For step 5, learning functions including EFF [17], 

U [16], LIF [24], H [23], REIF [26] and FNEIF [27] are investigated.

3. Optimal Learning strategies without considering Kriging correlation

Three learning strategies have shown substantial capability in strategically picking training samples for the 

surrogate construction. However, most of them are derived based on two factor that the selected point should be 

very close to the limit state as well as with large variance. Toward this goal, the theoretically optimal learning 

strategies are explored in this section. Essentially, the Kriging surrogate model is constructed based on the prior 

assumption that the outputs for design(training) and unknow samples follow multivariate Gaussian distribution 

with corresponding mean and covariance vector. Therefore, the Kriging correlation among training and 

unknown samples should be well considered. However, a good number of state-of-the-art researches for AK-

based methodologies have also shown great computational efficiency even without considering the correlation. 

In this article, both the optimal learning strategies neglecting and considering Kriging correlation are 

analytically explored.

Theorem 1. Considering ρ ( ŷ ( xi) ŷ ( xj ) ) = 0, the optimal active learning strategy can be expressed as follows:

x *
tr = arg max  

x i Î S
 Φ ( -μ ĝ( )x i

σ ĝ (x i ) )Φ ( μ ĝ( )x i

σ ĝ (x i ) )  i = 12NMCS                      (18)

Where ρ ( ŷ ( xi) ŷ ( xj ) ) denotes the Kriging correlation between two outputs, x *
tr denotes the new training 

Algorithm 1. Adaptive Kriging-based Reliability Analysis

1.

2.

3.

4.

5.

6.

7.

Generating initial candidate design samples S with Latin Hypercube Sampling (LHS)

Randomly select initial training samples x tr from S and evaluate their responses g ( x tr )
Construct the Kriging model ĝ ( x ) based on x tr and g ( x tr )

Estimate the mean μ ĝ( x ), standard deviation σ ĝ( x ) and P̂ MCS
f  for S with ĝ ( x )

Search for the next best training points x *
tr using learning function and update the training samples x tr

Check if the stopping criterion is satisfied or not:

  (a). Satisfied. Go to step 7.

  (b). Unsatisfied. Estimate the response g ( x *
tr ) for x *

tr and go back to Step 3.

Output P̂ MCS
f
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samples and Φ (·) is the CDF of normal distribution.

Proof. Firstly, the fundamental issue one needs to solve is the definition of the optimal learning strategy. 

Considering the failure probability represented with stochastic estimator:

                                              
~
P

mi

f =
1

NMCS

Imi
å   x iÎ S                                                                 (19)

where P͂ mi
f  denotes the stochastic estimator of failure probability considering Kriging correlation, NMCS 

denotes the total number of candidate design samples and Imi
Σ  represents a random variable that is summed of 

multiple non-identically distributed and mutually independent (i.e., mi means mutually independent) Bernoulli 

random variables,

                                    Imi
Σ =∑

i = 1

NMCS

I mi
ĝ ( )x i x i Î S                                                          (20)

where E [·] is the expectation operator and I mi
ĝ ( x i) is a Bernoulli random variable that can be expressed as 

follows:

                      I mi
ĝ ( x i) =

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

1                w.p  Φ ( )-μ ĝ( )x i

σ ĝ( )x i

0  w.p 1 -Φ ( )-μ ĝ( )x i

σ ĝ( )x i

  x i Î S                               (21)

where  Φ(x) is the cumulative distribution function (CDF) of the univariate standard normal distribution. As 

Lindeberg’s condition for the Central Limit Theorem for the sum of independent, non-identically distributed 

random variables [41] is satisfied for sufficiently large NMCS:

                   lim
NMCS ®¥

 ( )max
i = 1NMCS

 
Var [ ]I mi

ĝ ( )x i

Var [ ]Imi
Σ

= 0   x i Î S                                   (22)

it can be shown that Imi
Σ  in distribution converges to a normal distribution:

                            Imi
Σ  ~ N ( μImi

Σ
σ 2

Imi
Σ )         x i Î  S                                                                   (23)

Which indicates that:

Var [ P͂ mi
f ] =Var

é

ë
êêêê

1
NMCS

Imi
Σ

ù

û
úúúú =

1

N 2
MCS

Var [ Imi
Σ ]

                       =
1

N 2
MCS

Var
é

ë

ê
êê
ê∑

i = 1

NMCS

I mi
ĝ ( )x i

ù

û

ú
úú
ú =

1

N 2
MCS

∑
i = 1

NMCS

Var [ ]I mi
ĝ ( )x i                                 (24)

=

∑
i = 1

NMCS

Φ ( )-μ ĝ( )x i

σ ĝ( )x i ( )1 -Φ ( )-μ ĝ( )x i

σ ĝ( )x i

N 2
MCS

=

∑
i = 1

NMCS

Φ ( )-μ ĝ( )x i

σ ĝ( )x i ( )Φ ( )μ ĝ( )x i

σ ĝ( )x i

N 2
MCS

As x i is selected as the next training point, the following equation always holds true:

                              lim
σ ĝ( )x i ® 0

 (Φ ( -μ ĝ( )x i

σ ĝ( )x i ) (1 -Φ ( -μ ĝ( )x i

σ ĝ( )x i ) ) ) = 0                                   (25)

Let P͂ mi'
f  denote the stochastic estimator of failure probability after new training samples is enriched. Without 

considering the Kriging correlation, the optimal learning strategy can be represented as:

x *
tr = arg max  

x i Î S
 éëVar [ P͂ mi

f ] -Var [ P͂ mi'
f ]ùû  i = 12NMCS
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= arg max  
x i Î S

 
1

N 2
MCS

é

ë

ê

ê
êê
ê

ê∑
k = 1

NMCS

Φ ( -μ ĝ( )xk

σ ĝ( )xk )Φ ( )μ ĝ( )xk

σ ĝ( )xk

- (∑k = 1

NMCS

Φ ( -μ ĝ( )xk

σ ĝ( )xk )Φ ( )μ ĝ( )xk

σ ĝ( )xk

-

Φ ( -μ ĝ( )x i

σ ĝ( )x i )Φ ( μ ĝ( )x i

σ ĝ( )x i ) )ùûúúúúúú  i = 12NMCS

                                          = arg max  
x i Î S

 Φ ( -μ ĝ( )x i

σ ĝ (x i ) )Φ ( μ ĝ( )x i

σ ĝ (x i ) )  i = 12NMCS                            (26)

This shows that the learning strategy without considering Kriging correlation tends to select the one that 

make the most contributions to the value of variance of P͂ mi
f . In this case, the value of v ( x i) is actually equal to 

v ( x i) =Φ ( -μ ĝ( )x i

σ ĝ (x i ) )Φ ( μ ĝ( )x i

σ ĝ (x i ) ).
Lemma 1. Considering theorem 1, the U learning function is the optimal learning strategy. This infers that 

T ( x *
tr ) = 0, where T ( x *

tr ) can be expressed as follows:

                                     T ( x *
tr ) =Φ ( -μ ĝ( )x *

tr

σ ĝ( )x *
tr )Φ ( μ ĝ( )x *

tr

σ ĝ( )x *
tr ) - ʆ (U ( x *

tr ) )                                          (27)

Here ʆ (·) denotes a monotonical function.

Proof. Let T ( x *
tr ) = 0, which indicates:

                                                ʆ (U ( x *
tr ) ) =Φ ( -μ ĝ( )x *

tr

σ ĝ( )x *
tr )Φ ( μ ĝ( )x *

tr

σ ĝ( )x *
tr )                                                 (28)

with U ( x *
tr ) = || μ ĝ( )x *

tr

σ ĝ (x *
tr )

 and

     Φ ( -μ ĝ( )x *
tr

σ ĝ( )x *
tr )Φ ( μ ĝ( )x *

tr

σ ĝ( )x *
tr ) =Φ ( -U )Φ (U ) = (1 -Φ (U ) )Φ (U ) =Φ (U ) -Φ2(U )       (29)

One can get:

                                                          ʆ (U ) =Φ (U ) -Φ2(U )  U ³ 0                                                   (30)
Moreover,

                                           
¶ʆ ( )U
¶Φ ( )U

= 1 -
Φ ( )U

2
£ 0 Φ (U ) Î [0.51]                                            (31)

This implies that ʆ (ν) is a monotonically function, and the ‘U’  learning function is equivalent to the 

optimal learning strategy without considering Kriging correlation. Without losing generality, any learning 

functions that satisfy Equation (27) are among one of the mathematical forms of Equation (18). In the following 

section, the optimal learning strategy that considering the Kriging correlation is analytically derived.

4. Optimal Learning strategies considering Kriging correlation

The above represented optimal learning strategies rely on the assumption that the Kriging outputs are 

mutually independent. As the Kriging correlation is considered, the optimal learning strategies should change 

accordingly. Reconsider Equation (15) ~ (17), the failure probability can be represented as a stochastic indicator:

                                                P͂ mc
f =

1
NMCS

Imc
Σ   x i Î S                                                                (32)

where P͂ mc
f  denotes the stochastic estimator of failure probability considering Kriging correlation and Imc

Σ  

represents a random variable that is summed of multiple non-identically distributed and mutually correlated (i.e., 

mc means mutually correlated) Bernoulli random variables,

                                                Imc
Σ =∑

i = 1

NMCS

I mc
ĝ ( )x i x i Î S                                                                (33)

where I mc
ĝ ( x i) is a correlated Bernoulli random variable with I mc

ĝ ( x i) = 1 denoting failure, and the mean and 
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covariance matrix of correlated Bernoulli distribution B = é
ëI mc

ĝ ( x1 )  I mc
ĝ ( x2 ) I mc

ĝ ( xNMCS )ùû be represented as:

μb =

é

ë

ê

ê

ê

ê

ê
êê
ê
ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú
ú

ú

ú

úμb( )x1 0

0 μb( )x2

 0
0

  

0            0  μb( )xNMCS

x i Î S# ( )34

and

    Σb =

é

ë

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

úσb
2( )x1 ρ12σb( )x1 σb( )x2

ρ21σb( )x2 σb( )x1 σb
2( )x2


ρ1NMCS

σb( )x1 σb( )xNMCS

ρ2NMCS
σb( )x2 σb( )xNMCS

  

ρNMCS 1
σb( )xNMCS

σb( )x1 ρNMCS 2
σb( )xNMCS

σb( )x2  σb
2( )xNMCS

x i Î S        ( )35

where σb
2( x i) is the Bernoulli variance and ρ ij is the corresponding correlation of two Bernoulli random 

variables x i and x j. Moreover, σb
2( x i) can be calculated as:

                              

σb
2( x i)  =Φ ( -μ ĝ( )x i

σ ĝ( )x i )· (1 -Φ ( -μ ĝ( )x i

σ ĝ( )x i ) )
=  Φ ( -μ ĝ( )x i

σ ĝ (x i ) )·Φ ( μ ĝ( )x i

σ ĝ( )x i )  x i Î S.

                                                            (36)

Therefore, the probability that B = [111]
NMCS ´ 1

 can be represented as:

              
Φb = 1( x1 x2 xNMCS ) = ∫-¥0

∫
-¥

0

φ ( )[ ]x1 xNMCS NMCS ´ 1
; μ ĝ Σ ĝ dx1dxNMCS

=Φ ([00]
NMCS ´ 1

; μ ĝ Σ ĝ )  i = 123 NMCS

            (37)

where Φb = 1 denotes the probability of B = [111]
NMCS ´ 1

, Φ (·) and φ (·) are the CDF and PDF of the 

multivariate normal distribution, respectively, with mean μ ĝ and covariance matrix Σ ĝ of Kriging output. 

According to the Central Limit Theorem for correlated random variables [42], the variance of the stochastic 

estimator can be estimated as:

                      Var [ P͂ mc
f ] =Var

é

ë
êêêê

1
NMCS

Imc
Σ

ù

û
úúúú =

1

N 2
MCS

Var [ Imi
Σ ] = 1

N 2
MCS

∑
j = 1

NMCS∑
k = 1

NMCS

Σb jk                      (38)
where Σb jk denotes the jth row and kth column of the elements in covariance matrix Σb. The covariance between 

two correlated Bernoulli random variable x i and x j can be represented as:

                                      COV ( I mc
ĝ ( x i) I mc

ĝ ( x i) ) = ρb
ij·σb( x i)·σb( x j )                                               (39)

where ρb
ij Î[-11] is an unknown correlation coefficient of two correlated Bernoulli distributions, Iĝ( x i) and 

Iĝ( x j ). σb( x i) and σb( x j ) are the standard deviations (σb( x i) =  μb( )x i ( )1 - μb( )x i ).

Theorem 2. The correlation between the two correlated Bernoulli random variables I mc
ĝ ( x i) and I mc

ĝ ( x i) can be 

calculated as follows:

                       ρb
ij =

Φ ( )[ ]00 ; [ ]μ i ; μ j é
ë
êêêê ù

û
úúúúΣ ii Σ ji

Σ ij Σ jj

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

 Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )x j

σ ĝ( )x j

·Φ ( )μ ĝ( )x j

σ ĝ( )x j

                      ( )40

where μ i and μ j denotes the ith and jth elements of the mean matrix μ ĝ and Σ ij denotes the ith row and jth column of 

the covariance matrix Σ ĝ, which can be reprenseted as:
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                                        μ ĝ =

é

ë

ê

ê

ê

ê

ê
êê
ê
ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú
úú
ú
ú

ú

ú

ú
μ ĝ( )x1 0

0 μ ĝ( )x2

 0
0

  

0            0  μ ĝ( )xNMCS

x i Î S                                          ( )41

and

Σ ĝ =

é

ë

ê

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

úσ 2
ĝ ( )x1 ρ12σ ĝ( )x1 σ ĝ( )x2

ρ21σ ĝ( )x2 σ ĝ( )x1 σ 2
ĝ ( )x2


ρ1NMCS

σ ĝ( )x1 σ ĝ( )xNMCS

ρ2NMCS
σ ĝ( )x2 σ ĝ( )xNMCS

  

ρNMCS 1
σ ĝ( )xNMCS

σ ĝ( )x1 ρNMCS 2
σ ĝ( )xNMCS

σ ĝ( )x2  σ 2
ĝ ( )xNMCS

           ( )42

Proof: The correlation function can be estimated as follows

                                                       ρb
ij =

CoV ( )I mc
ĝ ( )x i I mc

ĝ ( )x i

σb( )x i ·σb( )x j

                                                            (43)

Given that,

               

CoV ( )I mc
ĝ ( )x i I mc

ĝ ( )x i = E é
ë

ù
û( )I mc

ĝ ( )x i - μb( )x i ( )I mc
ĝ ( )x j - μb( )x j

=E ( )I mc
ĝ ( )x i I mc

ĝ ( )x j - E ( )I mc
ĝ ( )x i E ( )I mc

ĝ ( )x j

= ∫
-¥

0 ∫
-¥

0

φ ( )[ ]xy ; [ ]μ i ; μ j é
ë
êêêê ù

û
úúúúΣ ii Σ ji

Σ ij Σ jj

dxdy -Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

=Φ ( )[ ]00 ; [ ]μ i ; μ j é
ë
êêêê ù

û
úúúúΣ ii Σ ji

Σ ij Σ jj

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

           (44)

And

                            

σb( x i)·σb( x j ) = σb
2( )x i σb

2( )x j

=  Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )x j

σ ĝ( )x j

·Φ ( )μ ĝ( )x j

σ ĝ( )x j

                         (45)

Thus, the correlation function can be estimated as:

ρb
ij =

CoV ( )I mc
ĝ ( )x i I mc

ĝ ( )x j

σb( )x i ·σb( )x j

=

Φ ( )[ ]00 ; [ ]μ i ; μ j é
ë
êêêê ù

û
úúúúΣ ii Σ ji

Σ ij Σ jj

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

 Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )x j

σ ĝ( )x j

·Φ ( )μ ĝ( )x j

σ ĝ( )x j

 ( )46

Remark. Specifically, as ρ ij = 0, it means that the failure probabilities of two points, x i and x j, are uncorrelated,
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which can further infer that ρb
ij = 0.

                      

ρb
ij =

Φ ( )[ ]00 ; [ ]μ i ; μ j é
ë
êêêê ù

û
úúúúΣ ii 0

0 Σ jj

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

 Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )x j

σ ĝ( )x j

·Φ ( )μ ĝ( )x j

σ ĝ( )x j

=

Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

 Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )x j

σ ĝ( )x j

·Φ ( )μ ĝ( )x j

σ ĝ( )x j

= 0

                   (47)

When ρ ij = 1 , it means that the two responses are positively correlated. Concerning 

Φ ([00] ; [ μ i ; μ j ] éëêêêê
ù
û
úúúúΣ ii -1

-1 Σ jj ) =Φ ( -μ ĝ( )x i

σ ĝ( )x i ) and Φ ( -μ ĝ( )x i

σ ĝ( )x i ) =Φ ( -μ ĝ( )x j

σ ĝ( )x j ),

                    

ρb
ij =

Φ ( )[ ]00 ; [ ]μ i ; μ j é
ë
êêêê ù

û
úúúúΣ ii 1

1 Σ jj

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

 Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )x j

σ ĝ( )x j

·Φ ( )μ ĝ( )x j

σ ĝ( )x j

=

Φ ( )-μ ĝ( )x i

σ ĝ( )x i

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

= 1

                (48)

This also applies to the case that ρ ij =-1 with  Φ ([00] ; [ μ i ; μ j ] éëêêêê
ù
û
úúúúΣ ii -1

-1 Σ jj ) = 0 and Φ ( -μ ĝ( )x i

σ ĝ( )x i ) =
Φ ( μ ĝ( )x j

σ ĝ( )x j ):

            

ρb
ij =

Φ ( )[ ]00 ; [ ]μ i ; μ j é
ë
êêêê ù

û
úúúúΣ ii -1

-1 Σ jj

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x j

σ ĝ( )x j

 Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )x j

σ ĝ( )x j

·Φ ( )μ ĝ( )x j

σ ĝ( )x j

=

-Φ ( )-μ ĝ( )x i

σ ĝ( )x i

Φ ( )μ ĝ( )x i

σ ĝ( )x i

Φ ( )-μ ĝ( )x i

σ ĝ( )x i

·Φ ( )μ ĝ( )x i

σ ĝ( )x i

=-1

                   (49)

Therefore, it can further infer that ρb
ij µ ρ ij. Moreover, aforementioned contents facilitate the derivation of 

optimal learning strategy considering the Kriging correlation. Computational details regarding Equation (40) are 

elaborated in the Appendix A2.

Theorem 3. Considering ρ ( ŷ ( xi) ŷ ( xj ) ) ¹ 0, the optimal active learning strategy can be expressed by the 
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equation below.

                x *
tr = arg max  

x i Î S
 
ì
í
î
2∑

k = 1

NMCS( )ρb
ikσb( )x i σb( )xk - σb

2( x i)üý
þ
i = 12NMCS                        (50)

Where σb( x ) =Φ ( -μ ĝ( )x

σ ĝ (x) )·Φ ( μ ĝ( )x

σ ĝ( )x ) and ρb
ik can be calculated using Equation (40).

Proof. Given that,

lim
σ ĝ( )x i ® 0

 Σb ik =

lim
σ ĝ( )x i ® 0

 ρ ik  Φ ( )-μ ĝ( )x i

σ ĝ( )x i

· ( )1 -Φ ( )-μ ĝ( )x i

σ ĝ( )x i

 Φ ( )-μ ĝ( )xk

σ ĝ( )xk

· ( )1 -Φ ( )-μ ĝ( )xk

σ ĝ( )xk

          (51)

= 0k = 12NMCS

Following the same principle in section 3, the optima learning strategy can be represented as:

x *
tr = arg max  

x i Î S
 

é
ë

ù
ûVar [ ]P͂ mc

f -Var [ ]P͂ mc'
f

=
1

N 2
MCS

arg max  
x i Î S

 

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú

∑
j = 1

NMCS∑
k = 1

NMCS

Σb jk -

æ

è

ç

ç

ç

ç

ç
ç
çç
ç

ç

ç

ç

ç

ç
ö

ø

÷

÷

÷

÷

÷
÷
÷÷
÷
÷

÷

÷

÷

÷∑
j = 1

NMCS∑
k = 1

NMCS

Σb jk

- ( )∑
i = 1

NMCS( )Σpb ik +∑
j = 1

NMCS( )Σpb ki - σb
2( )x i

=∑
i = 1

NMCS( )Σpb ik +∑
i = 1

NMCS( )Σpb ki - σb
2( x i) i = 12NMCS                                                                  (52)

Since the matrix is symmetric, the equation above can be further reduced to:

            

x *
tr = arg max  

x i Î S
 
ì
í
î

ü
ý
þ

2∑
k = 1

NMCS( )Σb ik - σb
2( )x i

= arg max  
x i Î S

 
ì
í
î

ü
ý
þ

2∑
k = 1

NMCS( )ρb
ijσb( )x i σb( )xk - σb

2( )x i i = 12NMCS

                        (53)

This learning strategy takes the Kriging correlation into consideration and the value of this case equals to 

v ( x i) = 2∑k = 1

NMCS( )ρb
ikσb( )x i σb( )xk - σb

2( x i). Essentially, this learning strategy is prone to selecting the point 

with large variance and high probability density.

Lemma 2. Considering theorem 3 and Nρb < 0 Nρb ³ 0, the following equations always hold:

                                                            Γ ( x i) µ (σb( x i) |ρb
ik )                                                 (54)

And

                                                       Γ ( x i) µ ( f ( x i) |σb( x i) )                                                 (55)
where Nρb < 0 and Nρb ³ 0 denote the number of elements of the correlation matrix that smaller and greater than 

zero, respectively, ( A|B) denotes A conditional on B (i.e., B is fixed), f ( x i) means the pdf of x i, Γ ( x i) can be 

expressed as follows,

                                                Γ ( x i) = 2∑
k = 1

NMCS( )ρb
ikσb( )x i σb( )xk - σb

2( x i)                                     (56)

Where σb( x ) =Φ ( -μ ĝ( )x

σ ĝ (x) )·Φ ( μ ĝ( )x

σ ĝ( )x ) and ρb
ik can be calculated using Equation (40).

Proof. Taking the derivative of Equation (56) one can get,

¶Γ ( )x i

¶σb( )x i

= 2∑
k = 1

NMCS( )ρb
ikσb( )xk - 2σb( x i)

= 2 ∑
k = 1k ¹ i

NMCS ( )ρb
ikσb( )xk + 2ρb

iiσb( x i) - 2σb( x i) = 2 ∑
k = 1k ¹ i

NMCS ( )ρb
ikσb( )xk ³ 0                        (57)
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Therefore,

                                                    Γ ( x i) µ (σb( x i) |ρb
ik )                                                     (58)

Let x j denote the point that satisfies f ( x j ) > f ( x i) and σb
2( x i) = σb

2( x j ). Thus,

Γ ( x j ) - Γ ( x i) = 2∑
k = 1

NMCS( )ρb
jkσb( )x j σb( )xk - σb

2( x j ) - (2∑
k = 1

NMCS( )ρb
ikσb( )x i σb( )xk - σb

2( x i) )
= 2∑

k = 1

NMCS( )ρb
jkσb( )x j σb( )xk - 2∑

k = 1

NMCS( )ρb
ikσb( )x i σb( )xk

= 2σb( x i)∑
k = 1

NMCS( ρb
jk - ρ

b
ik ) σb( )xk

 (59)

Given that ρb
ik µ ρρ and f ( x j ) > f ( x i), one can infer:

                                                ∑
k = 1

NMCS( ρb
jk - ρ

b
ik ) σb( xk ) ³ 0                                                (60)

Thus,

                                                Γ ( x j ) - Γ ( x i) ³ 0                                                          (61)

5. Multiple Samples Enrichment

The optimal learning strategies discussed above are based on the computational environment that only one 

computational facility is available. However, it fails to satisfy the computational requirement for multiple 

training points enrichment. Therefore, the scheme that enriches multiple training samples should be deeply 

explored in order to satisfy this requirement. Note that the variance of the stochastic estimator (i.e., Var [ P͂ mc
f ] or 

Var [ P͂ mi
f ]) is updated if new training samples are enriched. Note that both the two optimal learning strategies 

with/without considering Kriging correlation rely on the computation of covariance matrix and the covariance 

matrix Σb can be updated after the new training sample is enriched. Concerning this point, a sequential approach 

for multiple training samples is explored. Let Σ{ntr }
b  denote the covariance matrix after the order of the ntr training 

sample is enriched. Therefore, the order of the ntr + 1 training sample is explored according to Σ{ntr }
b . However, 

the true value of Σ{ntr }
b  is usually unavailable in the process of sequential enrichment of multiple training samples, 

a well-defined matrix Σ͂{ntr }
b  should take place of the true matrix Σ{ntr }

b . Toward this goal, let L (Σ{ntr }
ij Σ͂{ntr }

ij ) be the 

loss function representing the difference between the true and estimated elements of Σ{ntr }
b  and Σ͂{ntr }

b  after the ntr 

training sample is enriched. The Bayesian estimate of Σ͂{ntr }
ij  can be therefore represented as:

                                                Σ͂{ }ntr

i.j = arg min  
M ij ÎR

 E é
ë
 L (Σ{ }ntr

ij Mij )ùû                                        (62)
Where Mij denotes the element of matrix M in the ith row and jth column. Then the sequential learning with 

multiple samples strategy can be conducted on Σ͂{ntr }
b . To improve the readability, let X͂ denote Σ͂{ntr }

i.j  and X denote 

Σ{ntr }
ij , considering the following theorem:

Theorem 4. The value of X͂ is equal to the mean, median and mode of X, respectively, in association with the 

loss function defined as (i) LMMSE( X͂X ) = ( X͂ - X ) 2

 (ii) LMMAE( X͂X ) = | X͂ - X | and (iii) LMAPE( X͂X ) = 0 if | X͂ -

X | £C ; and 1 otherwise where 0 <C 1 respectively.

Proof , For the case (i), let Ƚ1 = E [ LMMSE( X͂X ) ].
Ƚ1 = E [ LMMSE( X͂X ) ] = E é

ë
êêêê( X͂ - X ) 2ù

û
úúúú

                            =E [ X͂ 2 - 2X͂X + X 2 ] = E[ X 2 ] - 2X͂E [ X ] + X͂ 2                                         (63)
Thus,

                                          
¶Ƚ1

¶X͂
=
¶ [ ]E[ ]X 2 - 2X͂E [ ]X + X͂ 2

¶X͂
= 2X͂ - 2E [ X ]                       (64)
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And

                                                      
¶2Ƚ1

¶X͂ 2
=
¶ [ ]2X͂ - 2E [ ]X

¶X͂
= 2                                                          (65)

Function Ƚ1 is convex and exists minima at X͂ = E [ X ]. This estimation also takes reference to Minimum 

Mean Squared Error (MMSE) estimate [43].

For the case (ii), let Ƚ2 = E [ LMMAE( X͂X ) ] and concerning the fact that E [Y ] = ∫
0

¥

P ( )Y > y dy if random 

variable Y satisfying P (Y ³ 0) = 1:

                           
Ƚ2 = E [ LMMAE( X͂X ) ] = E [| X͂ - X | ] = ∫

0

¥

P (| X͂ - X | > y) dy

= ∫
0

¥

P ( X > y + X͂ ) dy + ∫
0

¥

P ( X < X͂ - y) dy

                           (66)

Let q1 equal to y + X͂ in the first integral and q2 equal to X͂ - y in the second integral, one can get:

                           Ƚ2 = E [ LMMAE( X͂X ) ] = ∫
X͂

¥

P ( X > q1 ) dq1 + ∫
-¥

X͂

P (X < q2 ) dq2                           (67)
It is differentiable, thus.

                                                       
¶Ƚ2

¶X͂
= P ( X < X͂ ) - P ( X > X͂ )                                                             (67)

To explore the point that minimizes Ƚ2, the following equation should be satisfied.

P ( X < X͂ ) = P ( X > X͂ ) # (68)
Therefore, X͂ is equal to the median of X. This estimation also refers to Minimum Mean Absolute Error 

(MMAE) estimate [43].

For the case (iii), let Ƚ3 = E [ LMAPE( X͂X ) ] and the equation can be expressed as follows,

Ƚ3 = E [ LMAPE( X͂X ) ] = P (| X - X͂ | >C )·1 + P (| X - X͂ | £ 0)·0

                                    = 1 -  P (| X - X͂ | £C ) = 1 - 2 ∫
X͂ -C

X͂ +C

ρX( x) dx = 1 - 2CρX( X͂ )                         (69)
Where ρX( x) denotes the pdf of random variable X. To minimize Ƚ3, the term 2CρX( x) should be maximized, 

which means that v researches the mode point with maximum pdf. This is also known as Maximum A posteriori 

Probability Estimate (MAPE) [43].

According to theorem 4, the MMSE of Σ͂{ntr }
ij  is equal to the mean of Σ{ntr }

ij , which can be represented as.

                           Σ͂{ntr }MMSE

ij = E[Σ{ntr }
ij ] = ∫

-¥

¥

Σ{ntr }
ij ( x *

tr y)φ ( y|μ ĝ( x *
tr ) σ 2

ĝ (x *
tr )) dy                           (70)

where Σ{ntr }
ij ( x *

tr y) denotes the elements of the covariance matrix Σ{ntr }
b  after the selected training point x *

tr with the 

defined response y enriched and φ ( y|μ ĝ( x *
tr ) σ 2

ĝ (x *
tr )) denotes the Gaussian probability of y with the parameter 

mean μ ĝ( x *
tr ) and variance σ 2

ĝ (x *
tr ). This integration is achieved by the technique of Gaussian integral which is 

represented in the Appendix A3. And the MMAE of Σ͂{ntr }
ij  is equal to the median of Σ{ntr }

ij , which means.

                                                      Σ͂{ntr }MMAE

ij = τ-1
 Σ{ntr }

ij ( 1
2 )                                                                             (71)

where τ-1
 Σ{ntr }

ij
 denotes the inverse of the CDF function of Σ{ntr }

ij . However, the numerical implementation of MMAE 

is non-trivial compared to the MMSE and MAPE approaches. It requires large number of sampling to estimate 

the median value. Hence, it is not suitable for algorithm implementation while it can be computationally 

efficient in terms of the performance of reducing of calls to the limit state function. Moreover, the MAPE of 

Σ͂{ntr }
ij  is equal to the mode of Σ{ntr }

ij , which can be represented as:

                                                        Σ͂{ntr }MAPE

ij =Σ{ntr }
ij ( x *

tr μ ĝ( x *
tr ) )                                                          (72)

MAPE requires only one point, which is the Gaussian mean of the output from the Kriging model. Among 

the three estimates, the MAPE approach is the most efficient one that requires least computational time-

complexity.
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6. Numerical Investigation

In this section, two widely studied benchmark problems are explored to investigate the computational 

performance of learning functions including EFF [17], U [16], LIF [24], H [23], REIF [26] and FNEIF [27], 

proposed optimal without considering Kriging correlation(denoted as Lnco
opt ) and optimal considering Kriging 

correlation learning strategies(denoted as Lwco
opt ). Parameter sets mainly including the initial hyper-parameter for 

kernel functions, number of initial training samples (DoE), candidate design samples pool and so on are set 

exactly same. Computational efficiency are represented in terms of the average number of calls to the 

performance function with corresponding coefficient of variation (i. e.,  N̄call and COV of Ncall), the average 

number of iterations with corresponding coefficient of variation (i.e.,  N̄ite and COV of Nite) and the average error 

(i.e., ϵ = | P̂ MCS
f - P̂f | /P̂ MCS

f ) with corresponding COV. To keep consistency, the stopping criterion corresponding 

to the stochastic estimator of failure probability (i.e., P͂ mi
f  and P͂ mc

f ) is set as σ
P͂f

/μ
P͂f

£ 10-3.

6.1. Rastrigin function

The first example is a modified Rastrigin function, which has been investigated as a benchmark problem in 

many literatures [2, 10, 21]. Random variables x1 and x2 for this problem all follow mutually independent 

standard normal distributions (e. g. mean of 0 and standard deviation of 1). The performance function can be 

read as:

                                         g ( x1 x2 ) = 10 -  ∑
i = 1

2 ( )x2
i - 5cos ( )2πxi                                                       (73)

For this example, the coefficient of variation of failure probability, COVPf
, is set to be as small as 0.05, the 

number of candidate design samples is set as 1 ´ 104. Comparative results for various learning functions are 

reported in Table 1. Results show that Lwco
opt  only requires 312.35 number of evaluations to the performance 

function, which is among the least of all the represented learning strategies. For this example, the learning 

strategy considering Kriging correlation Lwco
opt  overperforms than Lnco

opt . Moreover, theorem 1 represented in this 

article can be demonstrated by the fact that simulation data of U and Lwco
opt  learning strategy is exactly same. 

However, the computational performance of Lwco
opt  is not sufficiently robust in terms of the COV of Ncall because 

its COV is among the largest one with 0.1389. According to Table 1, the FNEIF learning function is the most 

stable one for this example because its COV of Ncall is as small as 0.027. However, FNEIF learning function 

needs the average number of evaluations as large as 371.94. Moreover, all the learning strategies can achieve 

very accurate result in terms of the average relative error ϵ̄ is smaller than 0.01.

Table 1.　Reliability analysis results of example 1 with EFF, U, H, LIF, REIF, FNEIF, proposed optimal 
without considering Kriging correlation (denoted as Lnco

opt ) and optimal considering Kriging correlation 

learning strategies (denoted as Lwco
opt ). Ncall,  Nite, P̂ pc

f  and ϵ denote the number of calls the performance 
function, the number of iterations, estimated probability of failure and corresponding error. This average 
performance is based on 100 times simulations.

Learning strategy

MCS

EFF

U

H

LIF

REIF

FNEIF

Lnco
opt

Lwco
opt

 N̄call

1 ´ 104

12 + 333.20

12 + 338.78

12 + 402.57

12 + 324.26

12 + 317.58

12 + 359.94

12 + 338.78

12 + 300.35

COV of  Ncall

-

0.0512

0.1019

0.0348

0.0361

0.0389

0.0270

0.1019

0.1389

ϵ̄

-

0.0004

0.0016

0.0005

0.0004

0.0003

0.0005

0.0016

0.0038

COV of ϵ̄

-

0.7404

1.7689

0.7321

0.7044

1.0287

0.5894

1.7689

1.4835
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(a)　

 

(c)　

 

(b)　

 

(d)　

Figure 1.　Evolution of the limit state with Lwco
opt  enhanced with MMSE (Npara = 5) based on (a) Ncall = 100 (b) 

Ncall = 200 (b) Nite (c) Ncall = 300 (d) Ncall = 400.

To investigate the computational performance of proposed optimal learning function enhanced by the 

parallel learning strategy, illustrations of evolution of the limit state with Lwco
opt  enhanced with MMSE and MAPE 

based on Npara = 5 and Ncall = 100, 200, 300 and 400 are schemed in Figures 1–3. Illustrative results indicate that 

new training points xnew are all located in vicinity of the limit state and keep distance from each other in different 

regions before the final training process of Kriging surrogate model. However, they are very close at the early 

stage according to Figure 1 (a) and 2 (a). Moreover, the corresponding boxplots of Ncall vs Npara and Nite vs Npara 

with Npara = 3, 6, 9, 12, 15 and 18 are illustrated in Figure 3. According to Table 1 and Figures 1–3, the number 

of iteration with parallel learning strategy (MMSE or MAPE) is significantly reduced compared to the approach 

via single training point-based enrichment. For example,  Ncall for Lwco
opt  with single point enrichment is 312.35. 

Nevertheless, Ncall for MMSE parallel learning strategies with  Npara = 3  Npara = 6 Npara = 9 and Npara = 12 

training points-based enrichment only need 104.3, 53.2, 36.7 and 32.5 iterations. According to Figures 1–3, both 

the MMSE and MAPE shows great efficiency in enriching multiple training points because the total number of 

calls to the performance function are almost unchanged despite Npara increases. For example, the average 

number of calls to the performance, N̄call is 332.35 when Npara = 3 by MMSE compared to N̄call = 362.9 when 

Npara = 12. However, the number of iterations reduces significantly. For example, N̄it is 104.3 when Npara = 3 by 

MMSE compared to N̄it = 32.5 when Npara = 12. Moreover, MAPE is more efficient compared to MMSE in terms 

of the computationally algorithmic advantage due to the fact that MAPE only requires one evaluation to the 

Kriging model but MMSE needs to estimate several times by using the Gaussian integral. Moreover, the speed 

of the decrement of N̄ite is fast when Npara is small (£ 12) according to Figure 3 (c) and (d), which means that 

sufficient computers can not always guarantee the optimal strategy to reduce the number of iterations. In other 

words, preparing too much computers for parallelization computing may cause computational waste. For 

example,  Nites are 24.5 and 23.2 for MAPE with Npara = 12 and 15 training points enrichment as shown in Figure 
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3 (d), which are very close to each other. Hence, an appropriate definition of the number of multiple training 

point enrichment for parallel learning strategies is necessary, which, however, is not explored in this paper.

 

(a)

 

(c)

 

(b)

 

(d)

Figure 2.　Evolution of the limit state with Lwco
opt  enhanced with MAPE (Npara = 5) based on (a) Ncall = 100 (b) 

Ncall = 200 (b) Nite (c) Ncall = 300 (d) Ncall = 400.

 

(a)

 

(c)

 

(b)

 

(d)

Figure 3.　Boxplots of Lwco
opt  enhanced with the parallel learning strategy of (a) Ncall vs Npara with MMSE (b) Nite 

--16



Lisang Z, et al. J. Comput. Methods. Eng. Appl. 2023

vs Npara with MMSE (c) Nite vs Npara with MAPE (d) Nite vs Npara with MAPE.

8. Conclusion

This paper proposes several theorems to explore the theoretical optimal learning strategy for adaptive 

Kriging-based reliability analysis. Toward this goal, the variance of the estimated probability of failure is first 

quantified, which facilitates the criteria for defining the optimal learning strategy. The mathematical expressions 

of the optimal learning strategy with/without considering Kriging correlation are derived based on the proposed 

criteria for optimal definition. It is interesting that the well-known U learning function belongs to one of the 

forms of optimal learning function without considering Kriging correlation. However, the implementation for 

optimal learning strategy that considers Kriging correlation is shown to be intensively computational 

demanding, which needs to use large computational resource. This is in part due to the requirement for the 

storage of covariance matrix. Moreover, this paper also provides a way to explore the optimal parallel learning 

strategy, which is based on the framework of minimizing the loss function. Two widely used numerical 

examples are implemented to demonstrate our proposed theorems. Moreover, the Gaussian process can be also 

leveraged to improve the computational efficiency in computational science [43–50], transportation engineering

[51–55], biological engineering[56,57] and artificial intelligence[58–65].
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Appendix 

A1. Learning functions from the literaturesI

n this article, some state-of-the-art learning functions including EFF [17], U [16], LIF [24], H [23], REIF [26] 

and FNEIF [27] are briefly introduced, computational details can be referred to the literatures. First, by 

quantifying the probability of making wrong sign estimate (+/-) inĝ(x). U learning function is proposed to define 

this uncertainty U [16]. Thus, the U learning function can be defined as.,

U ( x ) = || μ ĝ( )x

σ ĝ( )x
(A.1)

The point that minimizes the response of U is selected in the learning iteration. And the stopping criterion for 

this learning function can be set as min (U ( x ) ) ≥ 2. In EFF, the proximity of points to the limit state g ( x ) = 0 
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and their variance are the two key factors [17]. The mathematical expression of EFF is presented

below:

EFF ( x ) = μ ĝ( x )
é

ë

ê
êê
ê
ê
ê
2Φ ( -μ ĝ( )x

σ ĝ( )x ) - Φ ( a- - μ ĝ( )x

σ ĝ( )x ) - Φ ( a+ - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú
-σ ĝ( x )

é

ë

ê
êê
ê
ê
ê
2ϕ ( -μ ĝ( )x

σ ĝ( )x ) - ϕ ( a- - μ ĝ( )x

σ ĝ( )x ) - ϕ ( a+ - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú
+2σ ĝ( x )

é

ë

ê
êê
ê
ê
ê
Φ ( a+ - μ ĝ( )x

σ ĝ( )x ) - Φ ( a- - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú
                  (A.2)

where ϕ (∙) is the standard normal probability density function, δ ( x ) = 2σ ĝ( x ), a+ = δ ( x ) and a- = -δ ( x ). The 

term [δ ( x ) - |h|] in Equation (A. 2) measures if the target point is close to the limit state with the cumulated 

probability density in the interval [a-,a+ ], which can be reflected in the term ϕ(h ; μ ĝ( x ) ,σ ĝ( x )).The point that 

maximizes the EFF response is chosen as the next best training point to refine the Kriging model with the 

corresponding stopping criterion expressed as max (EFF ( x ) ) ≤ 0.001. Based on the entropy theory, the learning 

function H can be defined as [23]:

H ( x ) =
|

|

|

|
||
|

|
ln ( 2π σ ĝ( x ) + 1

2 ) é
ë

ê
êê
ê
ê
ê
Φ ( 2σ ĝ( )x - μ ĝ( )x

σ ĝ( )x ) -Φ ( -2σ ĝ( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú -
é

ë

ê
êê
ê
ê
ê2σ ĝ( )x - μ ĝ( )x

2
ϕ ( 2σ ĝ( )x - μ ĝ( )x

σ ĝ( )x ) + 2σ ĝ( )x + μ ĝ( )x

2
ϕ ( 2σ ĝ( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú |

|

|

|
||
|

|
(A.3)

The next best training point is selected as the one that maximizes the value of H. By taking the probability 

density into consideration, the LIF learning can be expressed as below [24]:

LIF ( x ) =
ì

í

î

ï

ï
ïïï
ï

ï

ï

ï

ï
ï
ïï
ï

ï

ï

Φ ( )-U ( )x f ( )x
é

ë
êêêê

ù

û
úúúúμN

ĝ ( )x +∑
m = 1

N 2

C 2m
n μN - 2m

ĝ ( )x σ 2m
ĝ ( )x ( )2m - 1 ! ifNiseven

Φ

æ

è

ç

ç

ç
çç
ç
ç

ç

ç

ç
ö

ø

÷

÷

÷
÷÷
÷
÷

÷

÷

÷
-U ( )x f ( )x

é

ë

ê

ê
êêê
ê

ê

ê ù

û

ú

ú
úúú
ú

ú

ú
2
π∑m = 0

N

C m
N μ

N -m
ĝ ( )x σ m

ĝ ( )x ∫
-
μ ĝ( )x

σ ĝ( )x

+¥

tme
-

t2

2 dt ifNisodd

(A.4)

where f ( x ) denotes the joint pdf of variable x and N is the corresponding dimension number. Moreover, C y
x =

x!

y!( )x - y !
 denotes the operator of combination. LIF also follows the rule that the point is selected as the next 

point if it maximizes the value of LIF. In addition, the REIF and REIF2 learning functions are also estimated as:

REIF ( x ) = cωσ ĝ( x ) - μ f( x )
REIF2 ( x ) = [cωσ ĝ( x ) - μ f( x ) ] f ( x ) (A.5)

Where cω = 2 is a constant and μ f( x ) can be estimated as:

μ f( x ) =
2
π
σ ĝ( x ) exp ( -

μ2
ĝ( )x

2σ 2
ĝ ( )x ) + μ ĝ( x )

é

ë

ê
êê
ê
ê
ê
2Φ ( μ ĝ( )x

σ ĝ( )x ) - 1
ù

û

ú
úú
ú
ú
ú

           (A.6)

Candidate design points that maximize REIF ( x ) and REIF2 ( x ) are selected next best training points. Following 

this work, the FNEIF learning function is also proposed by Shi et al., [27]. The mathematical expression of 
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FNEIF can be represented as follows [27]. First, for 2σ f( x ) ≥ μ f( x ):

FNEIF ( x ) = 2σ f( x )
é

ë

ê
êê
ê
ê
ê
Φ ( 2σ f( )x - μ ĝ( )x

σ ĝ( )x ) - Φ ( -2σ f( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú +

μ f( x )

é

ë

ê

ê

ê

ê

ê
êê
ê
ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú
úú
ú
ú

ú

ú

úΦ ( )μ f( )x - μ ĝ( )x

σ ĝ( )x
- Φ ( )-μ f( )x - μ ĝ( )x

σ ĝ( )x
-

Φ ( )2σ f( )x - μ ĝ( )x

σ ĝ( )x
+ Φ ( )-2σ f( )x - μ ĝ( )x

σ ĝ( )x
- 1

+

σ ĝ( x )
é

ë

ê
êê
ê
ê
ê
ϕ ( μ f( )x + μ ĝ( )x

σ ĝ( )x ) + ϕ ( μ f( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú +

μ ĝ( x )
é

ë

ê
êê
ê
ê
ê
Φ ( μ f( )x + μ ĝ( )x

σ ĝ( )x ) - Φ ( μ f( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú
    (A.7a)

And for 2σ f( x ) < μ f( x )

FNEIF ( x ) = 2σ f( x )
é

ë

ê
êê
ê
ê
ê
Φ ( 2σ f( )x - μ ĝ( )x

σ ĝ( )x ) - Φ ( -2σ f( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú - μ f( x )

σ ĝ( x )
é

ë

ê
êê
ê
ê
ê
ϕ ( 2σ f( )x + μ ĝ( )x

σ ĝ( )x ) + ϕ ( 2σ f( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú +

μ ĝ( x )
é

ë

ê
êê
ê
ê
ê
Φ ( 2σ f( )x + μ ĝ( )x

σ ĝ( )x ) - Φ ( 2σ f( )x - μ ĝ( )x

σ ĝ( )x )ùûúúúúúú
( )A.7b

where σ f( x ) can be estimated as:

                            σ f( x ) = μ2
ĝ( x ) + σ 2

ĝ ( x ) - μ2
f ( x )                                      (A.8)

The next best training point is selected that maximized the value of FNEIF.

A2. Computational aspects for the Bivariate Normal Integral

Computational obstacle regarding Equation (40) involves the bivariate normal integral. Many computational 

platforms provide a single computation for bivariate normal integral, however, few of them can achieve parallel 

computation. To enable parallel computational process for Equation (40), a way of approximation for the 

computation of the bivariate normal integral is necessary. According to [24,69], the approximation of the value 

of the CDF of bivariate normal distribution can be expressed as:

   Φ ( )[ ]0,0 ; [ ]μ i ; μ j , é
ë
êêêê ù

û
úúúúΣ i,i Σ j,i

Σ i,j Σ j,j

=Θ ( )mi,mj ; ρ i,j + Φn( )mi + Φn( )mj - 1           ( )A.9

where Φn denotes the CDF of standard normal distribution, mi =-
μ i

Σ i,i

 and mj =-
μ j

Σ j,j

 are the normalized 

mean in the standard normal space and Θ (∙) is a function that can be expressed as follows:

                          Θ (mi,mj ; ρ i,j ) =
1

2π ∫
cos-1 ρ i,j

π

exp
ì
í
î

ü
ý
þ

-
m2

i + m2
j - 2mimjcosx

2sin2 x
dx                                          (A.10)

And the derivative of Θ corresponding to ρ i,j can be computed as:

               
∂Θ
∂ρ i,j

(mi,mj ; ρ i,j ) =
1

2π 1 - ρ2
i,j

exp
ì
í
î

ïï

ïïïï
-

m2
i + m2

j - 2ρ i,jmimj

2 ( )1 - ρ2
i,j

ü
ý
þ

ïïïï

ïïïï
                                                     (A.11)

If the computation is approximated by 2 points, Θ (mi,mj ; ρ i,j ) can be approximated as:
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                Θ (mi,mj ; ρ i,j ) ≈ ρ i,j

2

ì
í
î
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∂ρ i,j (mi,mj ;
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+Φn( - mi)Φn( - mj )

                                  (A.12)

If 3 approximating points are selected, Θ (mi,mj ; ρ i,j ) can be approximated as:

Θ (mi,mj ; ρ i,j ) ≈ ρ i,j
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Other approximate equations with different numbers are available in the literature. Generally, the accuracy of the 

approximation increase as the number of the points increases. This article uses 2 point-based approximation.

A3. Computational aspects for Gaussian integral

To improve the computational efficiency and reduce the time-complexity, the Gaussian integral is adopted to 

estimate the integral in Equation (70),

                              Σ͂{ntr }MMSE

i,j = E[Σ{ntr }
i,j ] = ∫

-∞

∞

Σ{ntr }
i,j ( x *

tr,y)φ ( y|μ ĝ( x *
tr ) ,σ 2

ĝ (x *
tr )) dy                                    (A.14)

The integral of Equation (70) starts from minus infinity and ends in positive infinity. Let fΣ( y) =

Σ{ntr }
i,j ( x *

tr,y)φ ( y|μ ĝ( x *
tr ) ,σ 2

ĝ (x *
tr )), and note that it is sufficiently accurate to take place of the interval with 

[ μ ĝ( x *
tr ) - 3σ ĝ( x *

tr ) ,μ ĝ( x *
tr ) + 3σ ĝ( x *

tr ) ], thus the Equation (70) can be represented as below:

                       Σ͂{ntr }MMSE

i,j = ∫
-∞

∞

fΣ( y) dy ≈ ∫
μ ĝ( )x *

tr - 3σ ĝ( )x *
tr

μ ĝ( )x *
tr + 3σ ĝ( )x *

tr

fΣ( y) dy                                                                         (A.15)

According to the Gaussian integral,

                  Σ͂
{ }ntr MMSE

i,j ≈ ∫
μ ĝ( )x *

tr - 3σ ĝ( )x *
tr

μ ĝ( )x *
tr + 3σ ĝ( )x *

tr

fΣ( y) dy = fΣ( y1 )w1 + fΣ( y2 )w2… + fΣ( yn )wn                                   (A.16)

where yn denotes the Gaussian integral position, wn is the corresponding coefficient and n denotes the number of 

Gaussian integral points. In this article, three Gaussian integral points are selected (i.e., n = 3), which means that:

y1 = μ ĝ( x *
tr ) + 3t1σ ĝ( x *

tr ) ,y2 = μ ĝ( x *
tr ) + 3t2σ ĝ( x *

tr ) ,y3 = μ ĝ( x *
tr ) + 3t3σ ĝ( x *

tr ) # (A.17)
Where t1 = 0.7746, t2 = 0 and t3 =-0.7746 with the corresponding weights w1 = 0.5556, w2 = 0.8889 and w3 =

-0.5556.

References

1 Rubinstein RY, Kroese DP. Simulation and the Monte Carlo Method; John Wiley & Sons: Hoboken, NJ, 

USA, 2017.

2 Fishman G. Monte Carlo: Concepts, Algorithms, and Applications; Springer Science & Business Media: 

Berlin, Germany, 2017.

3 Echard B, Gayton N, Lemaire M, Relun N. A Combined Importance Sampling and Kriging Reliability 

Method for Small Failure Probabilities with Time-Demanding Numerical Models. Reliab Eng Syst Saf 2013; 

111: 232–240.

4 Huang X, Chen J, Zhu H. Assessing Small Failure Probabilities By AK–SS: An Active Learning Method 

Combining Kriging and Subset Simulation. Struct Saf 2016; 59: 86–95.

5 Ditlevsen O, Madsen HO. Structural Reliability Methods; John Wiley & Sons: Hoboken, NJ, USA, 1996.

6 Lemaire M. Structural Reliability; John Wiley & Sons: Hoboken, NJ, USA, 2013.

7 Faravelli L. Response‐Surface Approach for Reliability Analysis. J Eng Mech 1989; 115(12): 2763–2781.

--20



Lisang Z, et al. J. Comput. Methods. Eng. Appl. 2023

8 Roussouly N, Petitjean F, Salaun M. A New Adaptive Response Surface Method for Reliability Analysis. 

Probabilistic Eng Mech 2013; 32: 103–115.

9 Sadovskỳ Z, Soares CG. Artificial neural network model of the strength of thin rectangular plates with weld 

induced initial imperfections. Reliab Eng Syst Saf 2011; 96(6): 713–717.

10 Schueremans L, Van Gemert D. Benefit of Splines and Neural Networks in Simulation Based Structural 

Reliability Analysis. Struct Saf 2005; 27(3): 246–261.

11 Pedroni N, Zio E, Apostolakis GE. Comparison of Bootstrapped Artificial Neural Networks and Quadratic 

Response Surfaces for the Estimation of the Functional Failure Probability of a Thermal–Hydraulic Passive 

System. Reliab Eng Syst Saf 2010; 5(4): 386–395.

12 Bourinet J-M. Rare-Event Probability Estimation With Adaptive Support Vector Regression Surrogates. 

Reliab Eng Syst Saf 2016; 150: 210–221.

13 Song H, Choi KK, Lee I, Zhao L, Lamb D. Adaptive Virtual Support Vector Machine for Reliability 

Analysis of High-Dimensional Problems. Struct Multidiscip Optim 2013; 47(4): 479–491.

14 Blatman G, Sudret B. An Adaptive Algorithm to Build up Sparse Polynomial Chaos Expansions for 

Stochastic Finite Element Analysis. Probabilistic Eng Mech 2010; 25(2): 183–197.

15 Dubreuil S, Berveiller M, Petitjean F, Salaün M. Construction of Bootstrap Confidence Intervals on 

Sensitivity Indices Computed by Polynomial Chaos Expansion. Reliab Eng Syst Saf 2014; 121: 263–275.

16 Echard B, Gayton N, Lemaire M. AK-MCS: An Active Learning Reliability Method Combining Kriging 

and Monte Carlo Simulation. Struct Saf 2011; 33(2): 145–154.

17 Bichon BJ, Eldred MS, Swiler LP, Mahadevan S, McFarland JM. Efficient Global Reliability Analysis for 

Nonlinear Implicit Performance Functions. AIAA J 2008; 46(10): 2459–2468.

18 Wang Z, Shafieezadeh A. REAK: Reliability Analysis Through Error Rate-Based Adaptive Kriging. Reliab 

Eng Syst Saf 2019; 182: 33–45.

19 Song C, Wang Z, Shafieezadeh A, Xiao R. BUAK-AIS: Efficient Bayesian Updating with Active Learning 

Kriging-Based Adaptive Importance Sampling. Comput Methods Appl Mech Eng 2022; 391: 114578.

20 Wang Z, Shafieezadeh A. Metamodel-Based Subset Simulation Adaptable to Target Computational 

Capacities: The Case for High-Dimensional and Rare Event Reliability Analysis. Struct Multidiscip Optim 

2021; 64: 649–675.

21 Zhang C, Wang Z, Shafieezadeh A. Error Quantification and Control for Adaptive Kriging-Based Reliability 

Updating with Equality Information. Reliab Eng Syst Saf 2021; 207: 107323.

22 Wang J, Sun Z, Yang Q, Li R. Two Accuracy Measures of the Kriging Model for Structural Reliability 

Analysis. Reliab Eng Syst Saf 2017; 167: 494–505.

23 Lv Z, Lu Z, Wang P. A New Learning Function for Kriging and Its Applications to Solve Reliability 

Problems in Engineering. Comput Math Appl 2015; 70(5): 1182–1197.

24 Sun Z, Wang J, Li R, Tong C. LIF: A New Kriging Based Learning Function and Its Application to 

Structural Reliability Analysis. Reliab Eng Syst Saf 2017; 157: 152–165.

25 Xiao N-C, Zuo MJ, Zhou C. A New Adaptive Sequential Sampling Method to Construct Surrogate Models 

for Efficient Reliability Analysis. Reliab Eng Syst Saf 2018; 169: 330–338.

26 Zhang X, Wang L, Sørensen JD. REIF: A Novel Active-Learning Function Toward Adaptive Kriging 

Surrogate Models for Structural Reliability Analysis. Reliab Eng Syst Saf 2019; 185: 440–454.

27 Shi Y, Lu Z, He R, Zhou Y, Chen S. A Novel Learning Function Based on Kriging for Reliability Analysis. 

Reliab Eng Syst Saf 2020; 198: 106857.

28 Lelièvre N, Beaurepaire P, Mattrand C, Gayton N. AK-MCSi: A Kriging-Based Method to Deal With Small 

Failure Probabilities and Time-Consuming Models. Struct Saf 2018; 73: 1–11.

29 Wen Z, Pei H, Liu H, Yue Z. A Sequential Kriging Reliability Analysis Method With Characteristics of 

Adaptive Sampling Regions and Parallelizability. Reliab Eng Syst Saf 2016; 153: 170–179.

30 UQLab Sensitivity Analysis User Manual. Available online: http://www. uqlab. com/userguide-reliability 

(accessed on13 May 2017).

31 UQLab Kriging (Gaussian Process Modelling) Manual. Available online: https://www. uqlab. com/kriging-

--21



Lisang Z, et al. J. Comput. Methods. Eng. Appl. 2023

user-manual (accessed on 13 May 2017).

32 I. Kaymaz. Application of Kriging Method to Structural Reliability Problems. Struct Saf 2005; 27(2): 133

–151.

33 Lophaven SN, Nielsen HB, Søndergaard J. DACE-A Matlab Kriging Toolbox, Version 2.0. Available online: 

https://orbit.dtu.dk/en/publications/dace-a-matlab-kriging-toolbox-version-20 (accessed on 13 May 2017).

34 Lophaven SN, Nielsen HB, Søndergaard J. Aspects of the Matlab Toolbox DACE. Informatics and 

Mathematical Modelling; Technical University of Denmark: Kongens Lyngby, Denmark, 2002.

35 Zhang C, Wang Z, Shafieezadeh A. Value of Information Analysis via Active Learning and Knowledge 

Sharing in Error-Controlled Adaptive Kriging. IEEE Access 2020; 8: 51021–51034.

36 Mohammadi Darestani Y, Wang Z, Shafieezadeh A. Wind Reliability of Transmission Line Models Using 

Kriging-Based Methods. In Proceedings of the 3th International Conference on Applications of Statistics 

and Probability in Civil Engineering, Seoul, South Korea, 26–30 May 2019.

37 Wang Z, Shafieezadeh A. Confidence Intervals for Failure Probability Estimates in Adaptive Kriging-based 

Reliability Analysis. Reliab Eng Syst Saf 2019; 196(10): 106758.

38 Song C, Xiao R, Sun B, Zhang C, Wang Z. An Efficient Structural Reliability Analysis Method With Active 

Learning Kriging-Assisted Robust Adaptive Importance Sampling. Structures 2023; 52: 711–722.

39 Bichon B, Eldred M, Swiler L, Mahadevan S, McFarland J. Multimodal Reliability Assessment for 

Complex Engineering Applications Using Efficient Global Optimization. In Proceedings of the 48th AIAA/

ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference, Honolulu, HI, USA, 

23–26 April 2007.

40 Dubourg V, Sudret B, Deheeger F. Metamodel-Based Importance Sampling for Structural Reliability 

Analysis. Probabilistic Eng Mech 2013; 33: 47–57.

41 Johnson OT. Information Theory and the Central Limit Theorem; World Scientific: Singapore, 2004.

42 Hoeffding W, Robbins H. The Central Limit Theorem for Dependent Random Variables. Duke Math J 1948; 

15(3): 773–780.

43 Poor HV. Elements of Parameter Estimation. In Springer Texts in Electrical Engineering; Springer: New 

York, NY, USA, 1994.

44 Chen F, Luo Z, Xu Y, Ke D. Complementary Fusion of Multi-Features and Multi-Modalities in Sentiment 

Analysis. Available online: https://ar5iv.labs.arxiv.org/html/1904.08138 (accessed on 12 December 2023).

45 Luo Z, Xu H, Chen F. Audio Sentiment Analysis by Heterogeneous Signal Features Learned from Utterance-

Based Parallel Neural Network. In Proceedings of the AAAI-19 Workshop on Affective Content Analysis, 

AffCon2019: Modeling Affect-in-Action, Honolulu, Hawaii, USA, 27 January2019.

46 Luo Z, Zeng X, Bao Z, Xu M. Deep Learning-Based Strategy for Macromolecules Classification With 

Imbalanced Data From Cellular Electron Cryotomography. In Proceedings of the 2019 International Joint 

Conference on Neural Networks (IJCNN), Budapest, Hungary, 14–19 July 2019.

47 Luo Z. Knowledge-Guided Aspect-Based Summarization. In Proceedings of the 2023 International 

Conference on Communications, Computing and Artificial Intelligence (CCCAI), Shanghai, China, 23–25 

June 2023.

48 Luo Z, Xu H, Chen F. Utterance-Based Audio Sentiment Analysis Learned by a Parallel Combination of 

CNN and LSTM. ArXiv Prepr. ArXiv181108065.

49 Chen F, Luo Z. Learning Robust Heterogeneous Signal Features from Parallel Neural Network for Audio 

Sentiment Analysis. arXiv:1811.08065.

50 Chen F, Luo Z. Sentiment Analysis Using Deep Robust Complementary Fusion of Multi-Features and Multi-

Modalities. In Proceedings of the New In ML 2019, Vancouver, Canada, 9 December 2019.

51 Zhao Y, Dai W, Z. Wang, Ragab AE. Application of Computer Simulation to Model Transient Vibration 

Responses of GPLs Reinforced Doubly Curved Concrete Panel Under Instantaneous Heating. Mater Today 

Commun 2024; 38: 107949.

52 Dai W, Fatahizadeh M, Touchaei HG, Moayedi H, Foong LK. Application of Six Neural Network-Based 

Solutions on Bearing Capacity of Shallow Footing on Double-Layer Soils. Steel Compos Struct 2023; 49(2): 

--22



Lisang Z, et al. J. Comput. Methods. Eng. Appl. 2023

231–244.

53 Dai W. Safety Evaluation of Traffic System with Historical Data Based on Markov Process and Deep-

Reinforcement Learning. J Comput Methods Eng Appl 2021; 1(1): 1–14.

54 Dai W. Design of Traffic Improvement Plan for Line 1 Baijiahu Station of Nanjing Metro. Innov Appl Eng 

Technol 2023; 2(1). DOI:10.58195/iaet.v2i1.133.

55 Dai W. Evaluation and Improvement of Carrying Capacity of a Traffic System. Innov Appl Eng Technol 

2022; 1–9. DOI:10.58195/iaet.v1i1.001.

56 Kong C, Li H, Zhang L, Zhu H, Liu T. Link Prediction on Dynamic Heterogeneous Information Networks. 

In Computational Data and Social Networks; Springer International Publishing: New York, NY, USA.

57 Zhu H, Wang B. Negative Siamese Network for Classifying Semantically Similar Sentences. In Proceedings 

of the 2021 International Conference on Asian Language Processing (IALP), Singapore, 11–13 December 

2021.

58 Tao G, Wang H, Shen Y, Zhai L, Liu B, Wang B, Chen W, Xing S, Chen Y, Gu H-M, Qin S, Zhang D-W. 

Surf4 (Surfeit Locus Protein 4) Deficiency Reduces Intestinal Lipid Absorption and Secretion and 

Decreases Metabolism in Mice. Arterioscler Thromb Vasc Biol 2023; 43(4): 562–580.

59 Shen Y, Gu H-M, Qin S, Zhang D-W. Surf4, Cargo Trafficking, Lipid Metabolism, and Therapeutic 

Implications. J Mol Cell Biol 2022; 14(9): Mjac063.

60 Wang M, Alabi A, Gu H-M, Gill G, Zhang Z, Jarad S, Xia X-D, Shen Y, Wang G-Q, Zhang D-W. 

Identification of Amino Acid Residues in the MT-Loop of MT1-MMP Critical for Its Ability to Cleave Low-

Density Lipoprotein Receptor. Front Cardiovasc Med 2022; 9: 917238.

61 Shen Y, Gu H, Zhai L, Wang B, Qin S, Zhang D. The role of hepatic Surf4 in lipoprotein metabolism and 

the development of atherosclerosis in apoE-/- mice. Biochim Biophys Acta BBA-Mol Cell Biol Lipids 2022;

1867(10): 159196.

62 Wang B, Shen Y, Zhai L, Xia X, Gu H-M, Wang M, Zhao Y, Chang X, Alabi A, Xing S, Deng S, Liu B, 

Wang G, Qin S, Zhang D-W. Atherosclerosis-Associated Hepatic Secretion of VLDL but Not PCSK9 Is 

Dependent on Cargo Receptor Protein Surf4. J. Lipid Res 2021; 62: 100091.

63 Deng S, Shen Y, Gu H-M, Guo S, Wu S-R, Zhang D. The Role of the C-Terminal Domain of PCSK9 and 

SEC24 Isoforms in PCSK9 Secretion. Biochim Biophys Acta BBA-Mol Cell Biol Lipids 2020; 1865(6): 

158660.

64 Shen Y, Wang B, Deng Shijun, Zhai L, Gu H-M, Alabi A, Xia X, Zhao Y, Chang X, Qin S, Zhang D-W. 

Surf4 Regulates Expression of Proprotein Convertase Subtilisin/Kexin Type 9 (PCSK9) but Is Not Required 

for PCSK9 Secretion in Cultured Human Hepatocytes. Biochim Biophys Acta BBA-Mol Cell Biol Lipids 

2020; 1865(2): 158555.

65 Drezner Z, Wesolowsky GO. On the Computation of the Bivariate Normal Integral. J Stat Comput Simul 

1990; 35: 101–107.

© The Author(s) 2023. Published by Global Science Publishing (GSP).

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://cre‐

ativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided the original work is properly cited.

--23


